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Abstract

As the complexity of digital filters is dominated by the number of multiplica-

tions, many works have focusedon minimizing the complexity of multiplier

blocksthat computethe constantcoefficientmultiplications requiredin filters.

Although the complexity of multiplier blocks is significantly reducedby us-
ing efficient techniquessuchas decomposingmultiplications into simple oper-
ations and sharing common subexpressions previous works have not consid-
ered the delay of multiplier blocks which is a critical factor in the designof
complexfilters. In this paper, we presentnewalgorithms to minimize the com-
plexity of multiplier blocks under the given delay constraints. By analyzing
multiplier blocksin view of delay, thr eedelayreduction methodsare proposed
and combined into previous algorithms. Sincethe proposedalgorithms can
generatemultiplier blocks that meetthe specifieddelay, a trade-off between
delay and hardware complexity is enabledby changingthe delay constraints.
Experimental resultsshow that the proposedalgorithms canreducethe delay
of multiplier blocksat the costof alittle increaseof complexity.

[. Intr oduction

Finite impulseresponsdFIR) digital filters arefrequentlyused
in digital signalprocessindy virtue of stability andeasyimple-
mentation.Although programmabildilters basedon digital signal
processingorescantake an advantageof flexibility, they arenot
suitablefor recentconsumenpplicationglemandindnighthrough-
putandlow power consumptionln suchanapplication therefore
applicationspecificFIR filters arefrequentlyadoptedto meetthe
constraintof performancendpower consumption.

The problemof designingFIR filters hasreceveda greatatten-
tion duringthelastdecadeasthefilters aresuffering from alarge
numberof multiplications, leadingto excessive areaand power
consumptioneven if implementedin full customintegratedcir-
cuits. Many works have focusedon replacingmultiplicationsby
decomposingheminto simple operationssuchas addition, sub-

traction and shift and reducingthe numberof simple operations.

In this approachthe hardware block calleda multiplier block is
oftenusedtoimplementall coeficientmultiplications[1]. Thecon-
ceptof the multiplier blockis significantin bothtermsof areaand
power becaussomeaddersandshifterscanbe sharedamongdif-
ferentmultiplications.

Many algorithmshave beenproposedto make the multiplier
block assimpleaspossible:Bull-Horrocks(BH)algorithm[2], n-
dimensionakeducedaddergraph(RAGn) algorithm[1], recursve
bipartitematchingalgorithm[3], andcommonsubepressiorshar
ing algorithm[4], [5], [6]. The main purposeof thesealgorithms
is to minimize the numberof additions/subtractiongsthe num-
beris proportionalto the numberof two-inputaddersrequiredin

the implementatiorof a multiplier block andthe shift canbe im-
plementedby wire connections.However, the algorithmsdo not
take into accounta factorcritical in high performancdilters, the
delay of the multiplier block, leadingto slow filters that may not
be suitablefor high performancesystems.

In this paper we proposenen multiplier block synthesisalgo-
rithmsthatconsidetboththedelayandthenumberof adders Since
the proposedalgorithmcangeneratea multiplier block satisfying
a givendelayconstraint,it enablesa trade-of betweendelayand
area. Therestof this paperis organizedasfollows. In Sectionll,
the problemto be solvedis formally defined,andin Sectionlll,
somebasicoperationproposedo make the multiplier block meet
the specifieddelay constraintare described.We explain the pro-
posedalgorithmandits implementatiorin SectionlV. Then,we
shav experimentalresultsin detailin SectionV, andfinally con-
clusionsaremadein SectionVI.

[I. Problem Definition

In this section,the problemto be solved will be definedfor-
mally. We will startfrom introducingthe following term to be
usedthroughouthis paper
AdderStep: One adderstep representsan adder/subtracton a
maximalpathof decomposethultiplications.A multiplicationcan
have differentadderstepsdependingn the structureof multipli-
cation.

Theproblemto besolvedis describedasfollows:

Probleml: Givenadelayconstrainandasetof filter coeficients,
generate@multiplier block satisfyingthedelayconstrainsuchthat
the numberof adders/subtractois minimal.

As thedelayis dependentn severalimplementationssuesuch

ascircuit technologyplacemenandrouting, we regardin this pa-
perthedelayis specifiedby thenumberof adderstepshatdenotes
the maximalnumberof adders/subtractoedlowedto passthough
to producearny multiplication. In this case the above definitionis
restatedasfollows.
Problem2: Givena maximalnumberof adderstepsanda setof
filter coeficients,generatea multiplier block thatneedsaminimal
numberof adders/subtractond doesnot violate the numberof
addersteps.

Onesimplemethodof achieving theminimumnumberof adder
stepshV is to constructoeficientsindividually by usingaseparate
binary tree of addersfor eachce;, meaningthat addersassociated
with ¢; arenot sharedwith thoseof otherc;.



TABLE |
FILTER SYNTHESISRESULTS OF THE PREVIOUS ALGORITHMS

Simplemethod BHMIZ], T1] RAGN[I]
Testfiter | #adder | #adders| #adder | #adders| #adder | #adders
steps steps steps
T 3 19 ) 14 5 17
2 3 57 5 33 7 33
3 3 54 5 29 8 28
7 3 112 8 68 10 61

In Tablel, the numberof adderstepsresultedfrom previousal-
gorithmsis comparedvith NV for several FIR filters. In thesimple
method,eachcoeficientis representethy a CSD valueandcon-
structedwith a separatdinarytreeof adders.Fromthis compari-
son,we canconcludethatthe previousalgorithmsareeffective in
reducingthe numberof addersbut not optimizedfor delay The
previous algorithmshave not taken into accountthe delay of the
multiplier block. Thereforetheir resultsare not suitablefor the
implementatiorof fastfilters.

lll. Methods for Reducing the Number of Adder-

Steps

In this sectionwe explainthreebasicmethodghatareessential
in reducinghenumberof addersteps Beforestartingtheexplana-
tion, we briefly introducetwo previousfilter synthesisalgorithms,
BHM andRAGnN, thatarebasedon the graphrepresentationThe
two algorithmsareselectedhereasthey produceheminimalnum-
berof addersamongmary publishedalgorithms

In theBHM algorithm[1], [2], to synthesize coeficient,apair
of partialsumswhosesumor differences closesto it is selected.
And the sumor differencebecomes new partialsum. If thesum
or differenceis not the sameasthe coeficient, selectinga pair of
partial sumsis repeateduntil the sumor differencehasthe same
value.

A new algorithm, called RAGn, is also proposedn [1]. The
major differencebetweenthe BHM algorithmandthe RAGn al-
gorithmis thatthe coeficient which requiresthe leastnumberof
addersis first synthesizedn the RAGn algorithm while in the
BHM algorithmthe coeficientsare synthesizedn the previously
definedorder The RAGn algorithmis dividedinto two parts:the
optimalpartandtheheuristicpart.

A. TreeReduction

In constructingcoeficientsby usingthe BHM algorithmor the
RAGnN algorithm,several partial sumsareselectecandaddedin a
serialmannerasshown in theleft of Fig. 1. It is obviousthatthe
serial structureincreaseshe numberof addersteps. Thoughthe
casegdo not occurfrequently their effect on the numberof adder
stepsis significant. To reducethe numberof stepsfor the cases,
we canemploy atreereductiontechniqudllustratedin Fig. 1. The
treereductiontechniquds usedto corvertaserialaddingstructure
to aparallelone.

In applyingthe proposedreereductiontechniqueto the BHM
algorithm,thesumor differenceis putinto atemporarysetinstead
of directly puttinginto the partial sumset. Whenthe synthesiof
acoeficientis completedthepartialsumsstoredin thetemporary
setare sortedin ascendingorderof their numberof addersteps,
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Fig. 1. Treereduction.
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Fig. 2. Limited selectiormethod.

andthepartialsumswith smallemumbersf adderstepsareadded
earlier

B. Limited SelectionMethod

In this andthe next subsectionywe proposemethodgo designa
multiplier block satisfyinga given delay specifiedby the number
of addersteps. In our investigationon the previous algorithms,
we found that a coeficient is synthesizedby a seriesof partial
sumsand the numberof adderstepsfor the coeficient is deter
minedmostly by thefirst pair of partialsumsin thatseriesthatis,
theadderstepsrequiredto synthesizehefirst pair of partialsums
hasa greateffect on the final numberof addersteps. If we can
startfrom a pair requiringsmall numbersof adderstepsin imple-
mentingits partial sums.the coeficient canbe synthesizedvith a
lessnumberof addersteps.Thebasicideais to selectthefirst pair
from a limited setof partial sumswhoseadderstepsarelessthan
or equalto a givennumber An exampleis illustratedin Fig. 2,
wherethefollowing termsareused.

InitRange: the upperlimit of the numberof adderstepsthat the
partialsumsin thefirst selectecpair canhave.

SeachRang: theupperimit of thenumberof adderstepshatthe
partialsumsselectedat thatmomentcanhave.

CandidateSeta subsetof partial sumsthat have the numberof
adderstepsareequalto or lessthanSeachRang.

In Fig. 2, the first pair of partial sumsshowvn at the bottomis
selectedby settingSeachRang to InitRange. Thenthe Candi-
dateSets limited to {p | adderStep(p) < (SearchRange
InitRange)}, whereadderStep(p)s the numberof addersteps
neededfor the partial sum p. To selecta new partial sum,
SeachRangis increasedy oneandthe CandidateSes lesslim-
itedto {p | adderStep(p) < (SearchRange = InitRange+1)}.
At the next time, SeachRang is increasedy oneagain. If aco-
efficient is to be synthesizedvith four partial sumsas shawn in
Fig. 2, it is guaranteethatthe numberof adderstepsfor the coef-
ficientis lessthanor equalto (InitRange+3).

The completedescriptionof the limited selectionmethodis
asfollows. We begin with the maximally allowable InitRange
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Fig. 3. Adding structurefor achiing the minimumnumberof addersteps.

that is one less than the specifiednumberof addersteps,and
SeachRang is setto InitRange. After the first pair is selected,
the errorbetweerthe coeficientbeingsynthesizedndthe sumor
differenceof the selectedpair is calculated. Thena new partial
sum closestto the error is selectedwith SeachRang increased
andthe error is re-calculated.The selectionprocedurss iterated
until thesumor differencecoincideswith the coeficient. As men-
tionedabore, SeachRang s increasedftereachselectionanda
lesslimited CandidateSes consideredn thelaterselection After
synthesizinghe coeficient, it is examinedwhetherthe synthesis
of the coeficient meetsthe specificatioror not. If not, anotherit-
erationis repeatedafter decrementindnitRange i.e. reducingthe
CandidateSefor thefirst pair. If theiterationreachego asituation
in which InitRangeis lessthan1, i.e., the CandidateSetannotbe
reducedwe concludethat this methodcannotsynthesizehe co-
efficient underthe given delay constraint. The coeficient given
up will be synthesizedy the methodto be explainedin the next
subsection.

C. Minimum Adder-StepMethod

This methodis invoked whensomecoeficientsarenot synthe-
sizedusingtheabovetwo methodslt is inducedfrom thestructure
of the minimum numberof addersteps.If we wantto synthesize
a coeficient with the minimum numberof adderstepswe repre-
sentit in the CSDform andaddthe non-zeradigits usingthetree
structurellustratedin Fig. 3.

In the minimum addefstepmethod,the procedurdor the min-
imum numberof adderstepsis progressestepby step. One of
theremainedcoeficientsthatdo not satisfythe specificatioris se-
lected,andfor corvenienceet us call the coeficient¢;. A pair
of non-zeradigits in the CSD form of ¢; is selected.Thoughary
paircanberandomlyselectedye selecttwo non-zeradigits atthe
lower bit locationin our implementation. The value of the pair
is calculatedandbecomes new partial sum. Next, the methods
describedn the above subsectionareprogressedgainfor there-
mainedcoeficients.If coeficientc; is synthesizedvith satisfying
thespecificatiorin the new iteration,anothercoeficientthatis not
synthesizedvith a satishctory numberof adderstepsis selected
anda new partialsumis generatedby selectinga new pair of non-
zerodigitsin the CSDform of thecoeficient. If coeficientc; does
not satisfy the specificationin the new iteration, anotherpair of
non-zeradigits is selectedrom its CSD, excludingthe previously
selectegpair. Theselectegairbecomes new partialsumandthe
methodsdescribedn the abose subsectionsre processeagain.
As theproceduras basicallythe sameassynthesizing coeficient
with the minimum numberof addersteps,ary coeficient canbe
synthesizedvith satisfyingthe specificationunlessthe specifica-

tion is lessthanthe minimumnumberof addersteps.

IV. ProposedAlgorithms

In this section,we describetwo proposedalgorithmsthat can
generatemultiplier blocks satisfyingthe given delay constraint.
The proposedalgorithmsare basedon threemethodsof reducing
thenumberof adderstepsandtwo previousalgorithms BHM and
RAGN.

A. Step-Limiting BHM Algorithm (SLBHM)

Threemethodsxplainedin theprevioussubsectiongreereduc-
tion, limited selectionmethod,and minimum adderstepmethod,
canbe combinedwith the BHM algorithm. To synthesizea coef-
ficient, the partial sumsselectedor thecoeficientareputinto the
temporarysetandrearrangedby thetreereductiontechnique Af-
tereachsynthesisit is examinedwhetherthesynthesisatisfiegshe
specificationlf it is, anew synthesistartsfor anothercoeficient.
Otherwisethe candidatesetwherethe partialsumsareselecteds
changeddy the limited selectionmethod. This is iterateduntil all
coeficientsaretried. As statedbefore,however, the limited se-
lectionmethoddoesnot guaranteghe synthesif all coeficients.
If all coeficientsare not synthesizeda new partial sumis gen-
eratedby the minimum adderstep methodand the procedureis
repeatedWe namethis algorithmasstep-limitingBHM(SLBHM)
algorithm.

B. Step-Limiting RAGn Algorithm (SLRAGn)

The limitation methodcan be easily appliedto the RAGn al-
gorithm. In the optimal part of the RAGn algorithm, the partial
sumswhosenumberof adders-stepare lessthan the specifica-
tion aresearchedIf onecoeficientis synthesizedt the optimal
partonly usingsuchpartialsumsit satisfieghe specification.The
heuristic part can be divided into two parts: the cost-2 part that
requirestwo addersandthe cost-morepart that needsmorethan
two adders.Two caseof thecost-2partaredescribedn [1]. One
is that a scaledversionof 1 andtwo partial sumsare addedand
the otheris thattwo scaledversionsof 1 andone partial sumare
added. However, thereis one more casethat threescaledpartial
sumsareadded.If weregardl asa partialsum,thesethreecases
canbeassembletb only onecasethatthreescaledpartialsumsare
added As thecasethatmorethantwo selectegartialsumsrequire
(specificationl) adderstepss unacceptablesuchpartialsumshat
malke the caseareexcludedin the selectionof partialsums.In or-
der to reduceaddersteps,the cost-morepart is replacedby the
minimum adderstepmethod,becauséghe cost-morepartis very
heuristicand can be replacedby any reasonablgrocedure. We
namethis algorithmasstep-limitingRAGn(SLRAGN) algorithm.

V. Experimental Results

The proposedalgorithmsare appliedto several FIR filters and
comparedvith previousalgorithms.The specificatiorof thosefil-
tersaresummarizedn Tablell, where f, and f; arenormalized
passbandrequeng andstopbandrequeny respectiely, #tapis



TABLE I
TEST FILTER SPECIFICATION

Filter Ip s #tap | Width
T 0.15 [ 0.25 60 14
2 0.15 | 0.20 60 16
3 0.10 | 0.15 60 14
Z 0.10 [ 0.IZ [ 100 18

TABLE 11l
NUMBERS OF ADDERSFOR FILTER 1

[ #addersteps | Simple [ BAM | RAGh | SLBAM | SLRAGH |

3 49 17 16
4 14 14 14
5 14 14

thenumberof taps,andWdth is thewordsizein fixedpointinteger
representationAll of algorithmsareimplementedoy C language
andthe heuristicpartof the RAGn algorithmis somemodifiedbe-
causeit can't be appliedto the filter designwith coeficients of
width morethan12 bits.

In Tablelll, the resultsof filter 1 obtainedby the previousand
proposedalgorithmsare shavn. The first columnis the number
of adderstepdor the multiplier block optimizedby thealgorithms
identifiedin thefirst row andthe contentsof thetableis the num-
ber of addersneededo implementthe multiplier block. So the
BHM algorithm producesa multiplier block of 14 addersand 4
adderstepsand the RAGn algorithm producesone of 14 adders
and 5 addersteps. The SLBHM algorithm produceswo multi-
plier blocks:oneis with 14 addersand4 adderstepsandtheother
with 17 addersand 3 addersteps. The SLRAGnN algorithm pro-
videsthreemultiplier blocks. The first oneis with 14 addersand
5 addersteps,the secondone with 14 addersand 4 addersteps,
andthelastwith 16 addersand3 addersteps.Notice thatthe pre-
vious algorithms,BHM and RAGn, give only oneresultand do
not allow to specifythe maximumnumberof addersteps,while
the proposedalgorithm, SLBHM and SLRAGnN, provide several
resultsunderthe givendelayconstraint.It canbe seeneasilythat
thenumberof adderstepscanbereducedy 1 or 2 with additional
2 or 3 adders.In TablelV, V, and VI, we canseethe similar
results.

This implies the proposedalgorithmsenablethe trade-of be-
tweenthe numberof addersandthe numberof addersteps,i.e.,
betweenthe areaandthe speed.In somecasesonly 10% over

TABLE IV
NUMBERS OF ADDERS FOR FILTER 2

[ #adderstep | Simple | BAM | RAGh | SLBAM | SLRAGH |

57 43 37
35 33
33 34 32
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TABLE V
NUMBERS OF ADDERS FOR FILTER 3

[ #adderstep | Simple | BAM | RAGh | SLBAM | SLRAGH |

3 54 33 36
4 31 31
5 29 29 29
6 28
7 28
8 28 28

TABLE VI
NUMBERS OF ADDERS FOR FILTER 4

[ #adderstep | Simple | BAM | RAGh | SLBAM | SLRAGH |

3 112 89 73
4 77 69
5 69 68
6 67 64
7 62
8 68 62
9 61
10 61 61

headis requiredto reducethe numberof adderstepsby half. The
last point to be notedin the tablesis thatthe SLBHM algorithm
andthe SLRAGnN algorithm can producea multiplier block with
the minimumnumberof addersteps.This is obvious becausghe
minimumadderstepmethodguaranteethe synthesif any coef-
ficientswhenthe specificationis morethanor equalto the mini-
mumnumberof addersteps.

VI. Conclusions

Delayis asimportantasarea. In the previous works, however,
only areaor the numberof addersis consideredn implementing
andoptimizingfilters. In this paper we have described~IR filter
synthesislgorithmsthattake into accountdelay or the numberof
addersteps,aswell asarea. By combiningthreeproposedneth-
odsto theBHM andthe RAGn algorithmswhich aredevelopedin
the previous works, we canimplementfilters satisfyingthe given
specificationof the numberof addersteps.Contrastto the previ-
ous works that generateonly one tuple of the numberof adders
andthe numberof addersteps,mary tuplesare generatedn the
proposedilgorithms,andthereforethe trade-of betweerareaand
speeds enabled.Experimentalesultsshowv thatthe proposedal-
gorithmscanreducethe delayof multiplier blocksat the costof a
little increaseof compleity.
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