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Abstract—An FPGA switch box is said to be hyper-universal if
it is routable for all possible surrounding multi-pin net topolo-
gies satisfying the routing resource constraints. It is desirable to
design hyper-universal switch boxes with the minimum number
of switches. A previous work, Universal Switch Module, consid-
ered such a design problem concerning 2-pin net routings around
a single FPGA switch box. However, as most nets are multi-pin
netsin practice, it isimperative to study the problemthat involves
multi-pin nets. In this paper, we provide a new view of global
routings and formulate the most general %-sided switch box de-
sign problem into an optimum k-partite graph design problem.
Applying a powerful decomposition theorem of global routings,
we prove that, for a fixed &, the number of switches in an opti-
mum k-sided switch box with W terminalson each sideis O (),
by constructing some hyper-universal switch boxes with O (W)
switches. Furthermore, we obtain optimum, hyper-universal 2-
sided and 3-sided switch boxes, and propose hyper-universal 4-
sided switch boxes with less than 6.7WW switches, which is very
close to the lower bound 614 obtained for pure 2-pin net models
in[5].

1 Introduction

The well-known SRAM-based FPGA architecture [3, 5, 6]
consists of an array of 2-D Logical Blocks (L-cells) separated
by vertical and horizontal channels, each with 1/ (called chan-
nel density) prefabricated wire segments (tracks) for routing, see
Figure 1. Each track within a channel is assigned an integer in
{1,...,W} asitstrack ID. There is a connection box (C-box)
in the channel area between each pair of adjacent L-cells, and a
switch box (S-box) at each intersection of avertical and horizon-
tal channels. Both C-boxes and S-boxes contain programmable
switches.

When an FPGA isused to realize a specified Boolean function,
the pins used to realize the Boolean function are partitioned into
groups (called nets). Then the pins in each group (net) are con-
nected together by using available wire segments and switchesin
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Figure 1. The architecture of a 2D-FPGA.

both C-boxes and S-boxes. This process is referred to as a rout-
ing. Conventionally, the routing process is divided into two sub-
sequent steps, global router and detailed router, although there
is no absolute need for doing routing in these two phases. The
global router specifies various connection topologies for all nets,
while the detailed router decides assignments of wire segments
and switches used to materialize the complete routing. As the
connectivity within a C-box is complete, the routability of the en-
tire chip only depends on the structure and connectivity of the
Shoxes[1, 3, 4,5, 8,9, 11, 12, 13, 14]. It is clearly desirable
to design switch boxes with maximized routability and the mini-
mum number of switches.

The Universal Switch Module proposed in [5] is routable for
all possibleglabal routings surrounding an S-box. However, there
isarestriction that thismodel assumesthe case of 2-pin netsonly.
In this paper, we propose a new view of global routings, and a
powerful graph model for the most general FPGA routing prob-
lems covering multi-pin nets (including nets with > 3 pins) and
being adaptable to the optimum routing problems covering the
entire chip.

In order to complete a detailed routing for an entire chip, a
greedy routing architecture has been proposed in [11, 14]. The
approach starts the detailed routing from a pre-specified S-box.
Then routings of adjacent C-boxes are determined and serves as
the predetermined side(s) of other neighboring (and unmapped)
S-boxes. This process is repeated (propagated) until the entire
chip routing is done. Depending on the propagation order (e.g.,
either spiral or snake-like [11, 14]), the process can be decom-
posed into a sequence of h-side-predetermined, k-sided S-box



design problems for £ = 3,4 and 0 < A < k. With this de-
sign scheme, we need to design an h-side-predetermined, k-sided
S-box, where2 < £ < 4and 0 < h < k, that can accommo-
date any global routing (called being hyper-universal) with the
minimum number of switches. For simplicity, we call a 0-side-
predetermined k-sided S-box a k-sided S-box. In thisregard, the
well-studied Xilinx-based S-box shown in [10] and the Universal
Switch Box [5] belong to the 4-sided routing models.

In our formulated graph model G for a k-sided S-box, the
track with ID j on the i-th side is denoted by a vertex v; ; and
each switch in the S-box is represented by an edge. The global
routing specified for an S-box is represented by a collection of
subsets (nets) of {1,2,...,k}. A detailed routing of a net is
represented by a subtree of graph GG with vertices representing
the pins on different sides. For example, a net of a global rout-
ing is represented by the set {1, 2,3}, if it connects three wire
segments located on sides 1, 2, and 3, respectively. A detailed
routing of this net will be represented by a tree of three vertices
withitsendsin {v, ;| = 1,..., W}, {va s =1,..., W} and
{vs ;|7 =1,..., W}, respectively. Therefore, the switch box de-
sign problem becomes a k-partite graph design problem, that is,
to design a k-partite graph with the minimum number of edges
which can realize any global routings. This flexible mathematical
model can also be generalized to h-side-predetermined, k-sided
S-box design problems with £ > 5, and 0 < h < k, which is
useful for potential routing problems involving multiple routing
dimensions.

2 Definitionsand Problems

Theterminology and symbolsof graphsarereferredto [2]. Let
G = (V(G), E(G)) beasimple graph with vertex set V(G) and
edge set F(G). We denote by |V (G)| and | E(G)| the number
of vertices and edges in GG, respectively. Let S C V(G). G[S]
denotes the induced subgraph of G by S. We use v;, v;,, . . . v;, tO
denote the path with consecutive vertices v;, , vi,, . . ., Vi,

Let £ > 2 be an integer. A localized k-way global routing
GR = {Ny,...,N;} isacollection of subsetsof {1,2,... k}.
For each integer < with 1 < ¢ < k, let d; be the number of occur-
rencesthat i appearsin GR. d = max{d;,ds,...,d;} iscaled
the density of the localized global routing GR, and GR iscaled
alocalized (k, d)-global-routing ((k, d)-GR). Each N; in GR is
referred to as a net of the localized global routing. We note that
alocalized global routing G R is a multiple set; two equa setsin
G R represent two different nets in the routing. Note also that a
net of cardinality » correspondsto an n-pin net.

A localized (k,d)-GR is caled primitive ((k, d)-PGR) if it
does not contain two unequal nets of size 1; alocalized (&, d)-GR
iscalled abalanced (k, d)-global routing (%, d)-BGR) if each el-
ement of {1,..., k} appearsd times. A localized global routing
in practice may not be balanced but we can always make it bal-
anced by including some singletons (1-pin nets). An r-bounded
global routing is aglobal routing in which the size of each net is
at most ». The case when » = 2 has been used as the target model
in the design of universal switch modules[5].

There are two mgjor advantages of representing k-way global
routings as a collection of subsetsof {1,...,k}. Oneisthat we

can make use of the theory and methods in combinatorics, the
other is that such a representation actually is a hypergraph and
aBGR is aregular hypergraph. This hypergraph representation
will help us gain valuable ideas and simplify our presentation.

Letk > 2, W > 1 beintegersand V; = {v;;[j = 1,..., W}
fori = 1,...,k. A k-partite graphon (V1,...,Vy) isagraph
with vertex set U¥_, V; and each V; is an independent set for i =
1,..., k. Wedenote ak-partite graph on (171, ..., Vi) with edge
set Eby ((Vi,..., V&), E).

Let G be a k-partite graph on (V1, ..., Vi). A detailed rout-
ing of alocaized (k,d)-GR {N;|: = 1,...,1} in G isaset of
mutually vertex disoint subgraphs {T(N;)|i = 1...,1} of G
satisfying:

(1) T(N;) isatreeof | V;| vertices, and

2 |V} N V(T(NZ))l =1lifje N;,fori=1,...,1
T(N;) iscalled adetailed routing of N;. Notethat d < W.

A hyper-universal (k, W) switch box ((k, W)-HUSB) is a k-
partite graph on (V1, ..., Vi) with W vertices in each part such
that it contains a detailed routing for each locaized (%, d)-GR
with d < W. Asatrivia example, the complete k-partite graph
on (V1,..., Vk) (in which, there is an edge joining each pair of
verticesv; ; and v;, j, Withi, # i) isa(k, W)-HUSB.

An optimum (k, W)-HUSB isa (k, W)-HUSB with the mini-
mum number of edges. Clearly, the number of edgesin an opti-
mum (k, W)-HUSB is uniquely determined by k£ and W, which
is denoted by e(k, W). Therefore, our main graph design prob-
lems related to the switch box design problem are as follows.

Problem 1 For a fixed &, determine e(k, 17) and find an opti-
mum (k, W)-HUSB for any positive integer .

Problem 2 For a given (k, W)-HUSB, find an efficient detailed
routing algorithm.

Wenotethat a k-partitegraph G with W verticesin each partis
hyper-universal if it contains a detailed routing for any primitive
and balanced localized (k, W)-GR ((k, W)-PBGR). To see this,
let R bea(k,d)-GRwithd < TW. Wefirst add some singletonsto
R to make a (k, W)-BGR, then by combining some singletons,
we obtain a (k, W)-PBGR, say R'. Find a detailed routing of
R’ inG. A detailed routing of R can be derived from the detailed
routing of R’ by simply deleting the edges of those one-edgetrees
representing the nets of size two in R’ which are obtained by
combining the unequal nets of size 1. Therefore, to verify that a
(k, W) S-box is hyper-universal, we only need to show that each
(k, W)-PBGR isroutable in the S-box.

Our approach to the S-box design problem depends on a pow-
erful decomposition property of localized global routings.

Let GR bea (k,d)-BGR and G R’ be a sub-collection of GR.
If GR isa(k,d')-BGR with d’ < d, GR’ iscalled a subglobal
routing of GR. G'R is said to be minimal if it does not contain
subglobal routings. The following decomposition property was
proved in[7].

Lemmal For any integer £ > 2, there exists an integer f(k)
such that any localized (&, d)-BGR G'R can be decomposed into
minimal, balanced, localized k-way subglobal routingswith den-
sitiesno morethan f(k). Moreover, f(k) = k—1for k = 2,3, 4.
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Figure 3. (a) A (4,4) S-box, (b) a detailed routing.

Notethat f(k) isuniquely determined by k£ by Lemma 1, and
itisegual to the maximum density of all minimal £-way BGRs.

Let GR, and G R, betwo localized k-way global routings and
m apositive integer. We denote the digjoint union (as a multiple
set) of GR; and GR, by GR1 + G R», and the union of m copies
of GR;q t))/ mGR;.

Example: Let GR = {{1,2}, {1,3}, {1,4}, {2,3}, {2,3},
{3,4}} which represents the localized global routing in Fig-
ure 2-(@). G'R is alocalized (4, 4)-GR which is not balanced.
GR =GR+ {{1},{2},{4},{4}}isa(4,4)-BGR. GR’ canbe
transformed into a PBGR (not unique) GR"” = {{1,2}, {1, 3},
{1,4},{2,3}, {2,3},{3,4}, {1, 2}, {4}, {4}}. ThisPBGR can
be decomposed into the union of three minimal, localized PBGRs
GR' = {{1,2}, {3,4}} + {{1.4}, {2.3}} + {{1,2}, {2,3},
{1,3}, {4}, {4}}. Figure 2 shows the transformation in hyper-
graph notation, where the dashed link represents the 2-pin net
obtained by combining two singletons, while Figure 3 shows a
(4,4) S-box and a detailed routing of G R' in the box.

In the rest of the paper, a global routing refers to a localized
global routing for smplicity.

3 e(k,W)=0W)

For any integer k > 2, let {ry, ..., 7} bethe set consisting of
all densities of minimal k-way global routings. Then r; < f(k),
and ¢ dependsonly on k, where f(k) is determined by Lemma 1.
Let p(k) betheleast common multipleof rq, ..., r:.

Our goal isto design al k-sided HUSBs for any fixed k& with
minimized number of switches. The ideais to design afew k-
sided HUSBs and combine these S-boxes to obtain a (k, W)-
HUSB for any 1. There are many ways to do this depending

on how to group the minimal balanced global routings in the de-

composition given by Lemma 1. The following lemma provides

one approach.

Lemma?2 If
rey 4. e > tplk) —t+ 1

wherez, .. .,
0<y; <zji=1,...

x; arenonnegativeintegers, then there areintegers
,t such that

riyr + ..+ ey = p(k)

Proof. By the generalized pigeon-hole principle, thereisan 1 <
i <t sothat r;z; > p(k). Therefore, thereisaninteger y; < z;
such that r;y; = p(k). Forany j # 4, lety; = 0. Theny; isan
integer with0 <y < z;forli=1,...,¢and

riyr + ...+ ey = p(k).

This completes the proof of the lemma. |

By Lemma 2, we can aways decompose a (k, W)-BGR into
disioint union of some (k, p(k))-BGRstogether with at most one
(k,r)-BGR, where r is determined by W and p(k). Accordingly,
our (k, W) S-box consists of digjoint union of some (k, p(k)) S
boxesand one (k, ) S-box. When k isfixed, each W corresponds
to an ». But when W changes, the number of different »’s corre-
sponding to various WW’s is finite, since this number is less than
tp(k) —t+ 1 by Lemma2.

Theorem 1 For any fixed positive integer &,

e(k, W) =0O(W).

Proof. Let »(k) = tp(k) —t + 1. For any positiveinteger W, we
canwrite W = p(k)q +r wherer < r(k). Consider the k-partite
graph F'(k, W) consisting of ¢ vertex digjoint copies of complete
k-partite graph K »x)) With p(k) vertices in each part, and a
vertex digoint complete k-partite graph K ) with » verticesin
each part, if » # 0. We show that F'(k, W) isa (k, W)-HUSB.

For any (k, W)-BGR GR, by Lemma 1, GR can be decom-
posed into aunion of minimal (k, r;)-BGR, wherer;’saredefined
astheabove. By recursively applying Lemma2, these minimal -
BGRs can be grouped into ¢ (k, p(k))-GRs and one (k, r)-BGR
if » # 0. Obviously, each (k, p(k))-BGR has a detailed routing
in Kk p(x)), andif r #£ 0, the (k, r)-BGR has a detailed routing
in K ,y. Thisshowsthat F'(k, W) isa(k, W)-HUSB.

)

|E(F(k, W)l = qk(k—1)p(k)*/2 + k(k — 1)r*/2
= (p’(k) +r*)k(k —1)/2
= (W —=r)p(k) + r*)k(k — 1)/2
It followsthat e(k, W) = O(W) for afixed k. |

4 Optimum (k, W)-HUSBsfor k£ = 2,3

Our basic method for solving the optimum (&, 17)-HUSB de-
sign problem is first to give a lower bound of e(k, W), then to
find a k-partite graph with the number of edgesequal to the lower
bound and to prove that it is hyper-universal. The following the-
orem is obvious.
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Theorem 2 The graph G(2,W) with vertex set {v,;|j =
Lo, WhU{vajlj = 1,...,W} and edge set {vy jv2 ;)i =
1,...,W}isanoptimum (2, W)-HUSB, and e(2, W) = W.

Figure 4-(a) shows an optimum (2, 4)-HUSB.

Next we investigate the optimum (3, W)-HUSB design prob-
lem. Let G(3, W) denote the 3-partite graph on (V1, V5, V3) with
edgeset {vi,jvh,j+(h—i)—1|j =1,....,W;1 < 1 < h < 3)}
where the second index is taken modulo W. Since j — p #
](mod W) when 0 < p < W, V1,1V2,1V3,1V1, W V2, W U3, W
L V1,4U2 1U3 V1 -1V, —1V3,t—1 - - - V1,202 2V3 201 1 1S & Hamil-

tonian cycle of G(3, W).

Theorem 3 The graph G(3, W) is an optimum (3, W)-HUSB,
ande(3, W) = 3W.

Proof. Let G = ((V1, Va2, V3), E)) bean optimum (3, W)-HSUB.
Since there are at least 1/ edges between any two sides by The-
orem 2, ¢(3,W) = |E(G)| > 3W. Notethat |E(G(3,W))| =
3W, thus, we only need to show that G(3, W) isa(3, W)-HUSB.

Let GR = {N;|i = 1,...,l} beany (3, W)-PBGR. Then it
can be shown, by Lemma 1 and induction on 11/, that the netsin
G R can be ordered and the elements in each N; can be ordered
so that 1,2, 3 appear successively in a cyclic order. For exam-
ple if GR = {{1,2},{2,3},{1,3}}, then GR can be ordered
as{2,3},{1,2},{3,1},(or {{1,2},{3,1}, {2, 3} }) tosatisfy the
required order property.

Without loss of generality we assume that the ordered se-
guenceof N;'siSNy, Ny, ..., Nyand 1 € N; isthefirst element
in the ordering. Start from v; ; along the Hamiltonian cycle

V1102 1V31U1 WV2 WU3 W .. .VU1tV2¢V3 ¢t
V1,t—-1Y2t-1V3¢t—1 .. .V1,2V2 2V3 2V1 1,
we successively cut a section with | N;| verticesas T'(V;). Then
{T'(N;)|t = 1,...,1l} isa (3,W)-global routing of {N;|i =
1,...,1}IinG(3, W), and therefore, G(3, W) isa (3, W)-HUSB
ande(3, W) =3W. |

Remarks: 1. There are more than one optimum (3, W)-HUSBs
for some W. For example, the digoint union of a 6-cycle and
a 3-cycle is also an optimum (3, 3)-HUSB. But a 3WW-cycle is
always an optimum (3, W)-HUSB by Theorem 3. An optimum
(3,4)-designis shown in Figure 4-(b).

2. The proof of Theorem 3 also gives an efficient algorithmto
find a detailed routing of a (3, W)-GRin G(3, W).
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Figure 5. H(4,2) and H (4, 3).
5 (4,W)-HUSBs

In this section, we first give a lower bound estimation of
e(k, W). Then we construct three (4, W)-HUSBs. Thefirst two
are connected with one being 4-regular. The third design is not
connected but contains less number of edges, which provides an
upper bound for e(4, W).

Theorem 4
k(k—1)

2 w.

e(k, W) >

Proof. For each pair 7,j with1 < i < j < k, let GR(3,j)
be a (k, W)-GR with W {i,j}'sand W {t}'sfor each ¢ €
{1,...,k}\ {i,7}. A detailed routing of GR(z,j) must con-
tain at least W edges between V; and V;. Therefore a (k, W)-
HUSB contains at least (¥) W edges. It follows that e(k, W) >
Wk(k —1)/2. |

Next we focus on designing (4, W)-HUSBs. It is easy to see
that a (k, W)-HUSB on (1, .. ., Vi) satisfies that any two parts
(Vi, V;) inducesa (2, W)-HUSB and any three parts (V;, V;, V)
induces a (3, W)-HUSB. Therefore, it is desirable to design a
k-partite graph on (V4, ..., V%) such that any two parts (V;, V;)
induces agraph which isaperfect matching (by Theorems 2), and
any three parts (V;, V;, V,,) induces a graph which is a cycle (by
Theorems 3). Werefer to such agraph asan M H (k, W)-graph.

Define H(4, W) = ((Va,...,Va), E) where V; = {v; ;|5 =
1,...,W},i = 1,...,4 and F = {viyj'vi+17j|i = 1,...,4,j =
1,..., W} U {Uljjvg’j+1|j =1,..., W} U {Ug’jv4’j_1|j =
1,..., W}, inwhich the first index takes modulo 4 and the sec-
ond index takes modulo 1. See Figure 5 for W = 2,3. Then
H(4,W)isan M H (4, W)-graph.

We note that | E(H (4, W))| = 6W, which is the lower bound
given by Theorem 4. It is easy to verify that H(4,2) isa(4,2)-
HUSB, and therefore it is optimum. But H (4, 3) isnot a (4, 3)-
HUSB asit does not contain a detailed routing of the global rout-
ing {{1,2},{1,2},{3,4},{3,4},{1,3},{2,4}}. We can dso
verify that the optimum Universal Switch Modules given in [5]
arenot (4, W)-HUSBs.

However, we can obtain (4, W)-HUSBsby adding some edges
to H(4,W). Let Q(4, W) be the graph obtained from H (4, W)
by adding edges {v1 jvs j,va jvajli = 1,...,W}. We further
definethe graph K (4, W) to bethe graph obtained from Q (4, W)
by removing the edges vs 1v4 w and vs 1v1 w. Figure 6 shows
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Figure 6. Two types of (4, W)-HUSBs.

aQ(4,3) and a K (4, 3) in two different drawings. The hyper-
universal property of the two designsis implied from the follow-
ing Theorem 5.

To design and verify a (4, W)-HUSB, we need to find al min-
imal 4-way PBGRs. By Lemma 1, we can find all the 35 different
minimal PBGRs, which areclassified into eight equival ent classes
by the permutation group Ss4. In the following we list only one
representative from each equivalent class. We use GR’, to denote
the class of minimal (4, ¢)-PBGRs of type j. The number of ele-
mentsin aclassis represented by a superscript.

GRy = {{1,2,3,4}}"),
GR, = {{1,2},{3,4}}1¥,
GRy = {{1,2,3},{4}}1¥,
GR? = {{1,2,3},{1,2,4}, {3,4}}9),
GR5 = {{1,2,3},{1,4},{2},{3,4}}1,
GR; = {{1,2},{3,1},{2,3}, {4}, {41},
GR? = {{1,2,3},{1,2,4},{3,4,1},{2,3,4}}(1),
GRy = {{1,2,3},{1,4},{2,4},{3,4},{1,2,3}} 4.
Let Gu = K4, Gy = H(4,2), Gz, G4, Gy Gg and G be

asin Figure 7. Then we have |E(G1)| = 6, |E(G2)| = 12,
|B(Gs)| = 20, [E(G)| = 26, | E(G5)| = 32, |[E(Ge)| = 40
and |E(G7)| = 46. We note that G5 contains vertex digoint G4
and GG5; G4 containstwo vertex digoint G»’s; G's contains vertex
digoint G2 and GG3; G's contains three vertex digoint G»'s; and
G'7 contains vertex digoint G3 and G 4.

Lemma3 G;isa(4,7)-HUSBfor 1 <i < 7.
Proof. It is obvious that GG is hyper-universal. Let GR be a

(4,1)-PBGR. We need to show that G R isroutablein G; for 2 <
i<T.
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Figure 7. The elementary (4, W)-HUSBs.

For i = 2, GRiseither amember inGR? UGRZUGRZ ora
union of two membersinGR{ UGR S UGR.. Itiseasy to verify
that G5 isa(4,2)-HUSB.

Leti = 3. If GR isamember of GR? U GR3, we can verify
that G5 contains a detailed routing of GR. If GR is a union of
a(4,1)-PBGR and a (4, 2)-PBGR, then G5 contains a detailed
routing of GR since GGz contains vertex digoint subgraphs G4
and G5.

For i = 4, if GRisaunion of a (4, 1)-PBGR and a minimal
(4, 3)-PBGR, then we can verify that G4 contains a detailed rout-
ing of GR. Suppose G R isaunion of two (4, 2)-PBGRs. In this
case, G4 contains a detailed routing of GR as G4 contains two
vertex digoint G5's.

For i = 5, GR can aways be decomposed into a union of a
(4,2)-PBGRanda(4, 3)-PBGR. Itiseasy to seethat G5 contains
a detailed routing for G R since (G5 contains vertex digoint G4
and G's.

Leti = 6. If GRisaunion of three (4, 2)-PBGRs, then G
contains a detailed routing of GR as G contains three vertex
digoint Gy's. If GR isaunion of two (4, 3)-PBGRs, then we can
verify that G4 contains a detailed routing of G R.

Finally, let i = 7. Then G R can always be decomposed into a
(4,3)-PBGR and a (4, 4)-PBGR. G contains a detailed routing
of GR since Gz contains vertex digoint subgraphs G and G.

This compl etes the proof of the lemma. |

Now we can construct a family of (4, W)-HUSBs according
to different values of W and the elementary (4, 7)-HUSB G; for

i=1,2,...,7. Define F(W) as the digoint union of graphs as
follows.
hGg's if W = 6h,
(h—1)Ge¢'sandaGry if W =6h+1,
_ h Gg’sanda Gy if W =6h+2,
FW) =13 hGysandacs if W = 6h + 3,
hGg'sandaGy if W =6h+4,
h Gg'sanda Gy if W =6h+5.



By the definition of G;,i = 1, ..., 7, we have that the number of
edgesof F(WW) for W > 1 isgiven by the following.

Ly if W = 0(mod 6),

%W_é if W = 1(mod 6),

Dy — L if W = 2(mod 6)

_ 3 3 '
|E(F(W))| = Dy if W = 3(mod 6),
%W_é ?sz4(mod6),

LW -3 if W =5(mod6).

Theorem5 For W > 1, F(W)isa (4, W)-HUSB.

Proof. If W = 6h+1,thenh > 1 andany (4,6h+1)-PBGRGR
can be decomposed into a union of (h — 1) (4, 6)-PBGRsand a
(4,7)-PBGR (sometimes, G R can be decomposed into A (4, 6)-
PBGRs and a (4, 1)-PBGR. But this is not guaranteed). Since
F(6h+ 1) isadigointunionof h—1 (4,6)-HUSBsand a (4, 7)-
HUSB, then GR isroutablein F(6h + 1).

Let W = 6h + i withi # 1. Any (4,6h + 1)-PBGR G R can
be decomposed into (4, 6)-PBGRs and a (4, {)-PBGR. Since
F(6h + 1) isadigoint union of A Gg’sand aG; if i # 0, and
Gs and G; are (4,6)-HUSB and (4, i)-HUSB, respectively, by
Lemma3, F(6h + 1) contains adetailed routing of G R.

|

Remarks: 1. From the results of Theorems 4 and 5, we have
6W < e(4, W) < 6.6W, whichisvery close to the lower bound
of 6W for the pure 2-pin net routings.

2. To obtain a detailed routing F' (1) of a given (4, W)-GR,
we first make it balanced and primitive, then decompose it into
a digoint union of minimal 4-way PBGRs, and then group them
into some (4, 6)-PBGRsand a (4, r)-PBGR according to the con-
struction of (W) in Theorem 5, and finally find the detailed
routing for each of the subglobal routings. This process can be
completed in polynomial time and therefore there is an efficient
algorithmfor a detailed routing in F'(17).

3. If we consider only 2-pin nets, then it can be easily shown
that each 2-restricted 4-way BGR of density 2r (or 2r + 1) can be
decomposed into the union of r 4-way BGRs of density 2 (or plus
one 4-way BGR of density 1). Using this fact, we can similarly
construct an optimum Universal Switch Box with 611/ switches
that was proposed in [5].

6 Conclusion

We have developed the first general mathematical model that
covers the multi-pin net perfect routing and design problems for
arbitrary-dimension FPGA switch boxes. Under the new models,
the switch box design problem is formulated as an optimum k-
partite graph design problem. The new models have many advan-
tages. Firstly, it simplifies the representations of the global and
detailed routings and makesit possible to use techniquesin graph
theory and combinatorics to attack the problem. As a result, op-
timum 2-way and 3-way S-boxes have been obtained. Secondly,
the new model of the global routing has a powerful decomposi-
tion property which enables us to construct large (k, W)-HUSBs
by combining afew number of smaller k-sided HUSBs. Thiscon-
struction has led to avery low cost (4, W)-HUSB. The decompo-
sition property also guarantees the existence of polynomial time

algorithm for detailed routing in the universal S-boxes we have
designed. Thirdly, the new models enable us to generalize the
k-way S-box design for £ = 2,3 and 4 in 2D-FPGA to general
(k, W)-design problem with £ > 5, which can be directly ap-
plied for the higher dimension (> 3 D) switch box designs. The
theory developed here can also be used to solve various switch
box design problems, like h-side-predetermined, k-sided switch
boxes and switch boxesfor r-restricted global routingsthat can be
applied for designing the non-homogenious greedy routing struc-
tures aiming for optimum routings covering the whole chip.
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