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Abstract
Satisfiabilityof complexword-levelformulasoftenarises

asa problemin formal verificationof hardwaredesignsde-
scribedat the register transfer level (RTL). Even though
mostdesignsare describedin a hardware descriptionlan-
guage(HDL), likeVerilog or VHDL,usuallythisproblemis
solvedin theBooleandomain,usingBooleansolvers. These
enginesoftenshowa poor performancefor datapathveri-
fication.

Insteadof solvingtheproblemat thebit-level,a method
is proposedto transformconjunctionsof bitvectorequali-
ties and inequalitiesinto setsof integer linear arithmetic
constraints. It is shown that it is possibleto correctly
model the modulosemanticsof HDL operators as linear
constraints. Integer linear constraint solvers are usedasa
decisionprocedure for bitvectorarithmetic. In the imple-
mentationwefocuson verificationof arithmeticproperties
of Verilog-HDL designs. Experimentalresultsshowcon-
siderable performanceadvantagesover high-endBoolean
SAT solverapproaches. Thespeed-upon the benchmarks
studiedis several ordersof magnitude.

1 Intr oduction

Register transferlevel (RTL) hardwaredescriptionlan-
guages(HDLs), such as VHDL and Verilog, are widely
usedfor hardware design. Bitvectorsare usedto repre-
sentvariablesand their valuesby RTL-HDLs. Important
arithmeticbitvectoroperatorsarefor instancenegation,ad-
dition, multiplication,extension,extraction,concatenation,
andshifting. Theseoperatorsareoftenusedto modeldata
pathsof hardwaredesigns.Many designautomationtools
operatingon HDLs, includinglogic verification,testgener-
ation,andsynthesis,haveto solve thesatisfiabilityproblem
for word-level formulas. Usually this is doneby breaking
down theproblemontothebit-level. But thendatapathsin
the RTL often leadto performanceproblems.Solving the
SAT problemdirectly on theword-level, asopposedto first
translatingit into theBooleandomain,bearsa high poten-
tial for optimizationfor thosetools. Solvingsystems(con-
junctions)of equalitiesandinequalitiesof arithmeticbitvec-
tor termsarisesasasub-problemof word-levelsatisfiability
checking.

Recently, severaltheoriesof fixedsizedbitvectorsalong
with polynomial complexity bound decision procedures
have beenproposed[3, 10, 9]. They cannothandlearith-
metic operationslike addition and scalar multiplication,
sincedecidingarithmeticoverbitvectorsis

���
-hard.Other

approaches,like [2], handleadditionin their theory.
As analternative theusof word-level decisiondiagrams

(WLDDs) hasbeenproposedand arithmeticcircuits, like
multipliers,havesuccessfullybeenverified,but theintegra-
tion in anautomaticflow turnsout to bedifficult dueto the
exponentialworstcasebehavior of thesynthesisoperations
(for moredetailssee[5]).

Chenget al. [8] proposea hybrid ATPG modulararith-
metic constraintsolving techniquefor assertionchecking.
An arithmeticconstraintsolver basedon themodularnum-
ber systemis usedfor satisfiabilitycheckingof a datapath
portion. However this solver is limited to linearconstraints
arising from adders,subtractorsand multipliers with one
constantinput. Shiftersandinequalitiesarenot handledby
their modularsolver but thepossiblesolutionsareheuristi-
cally enumerated.

Fallah [7, 6] proposeda hybrid satisfiabilityapproach,
HSAT, to generatefunctionaltestvectorsfor RTL designs.
This hybrid methodgenerateslinear arithmeticconstraints
(LACs), for arithmeticoperators,and conjunctive normal
form clausesfor Booleanlogic. This approachwas uni-
fied in [18], wherebotharithmeticword-level operatorsas
well as Booleanpartsare linearizedyielding a single In-
teger Linear ConstraintProblem(ILP) instance.However
[7, 6, 18] modelarithmeticoperatorsstraightforward,with-
out their usualmodulosemantics,which is particularlyim-
portantascanbeseenin thefollowing:
Example 1: Let ��� ��� , 	
� ��� and ��� ��� bebitvectorvariables
of width  , and ��� ��� a Booleanvariable. (The width of
bitvectorsand operatorsis written as subscript.) Let � ,	 , � and � be linear variables.(Without lossof general-
ity throughoutthis paperall integervariablesareimplicitly
constrainedto be non-negative.) In [7, 18] the following
linearizationruleswereproposed:� Addition: ��� ��������� �����
� ����	�� ��� is modeledby the

constraint����	������ � .� Comparator:��� �!���#"$��� ���&%'	
� ���)( is linearizedusing
the constraintpair ���*	+�-, �/. "102�-�3(/45��0 and�6�*	7� , �8. �797� , with the additionalconstraints��4 , � ��0 , 	:4;, � �-0 and �*4'0 .
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Figure 1. Example RTL
The problem is illustrated by the circuit in fig. 1. With<�=, the equationalbitvector representationis >?� @A�B�C � @A�D�
� @A��EF� @1� , and GH� �!���I"J>?� @1�K% LM� @A�N( . Usingtherulesabove
linearizationyieldstheILP:C �OE
�P> � �>/�PLQ�P, ��. "10R�PGJ(S4T��0>/�UL���, ��. G=9��C 4�LE 4�LG=4T0
For
C �VL and EW�X0 onewould expect GY�X0 , since

C � @1�3�LM� @A� and EF� @A�&�50F� @1� implies GH� �!�Z�X0[� �!� , LM� @1�\�
� @1��0F� @A�Z�I�?� @A�



and 0F� ���]�V"$�?� @A�^%;LM� @1�_( . But theonly solutionfor theILP isG��T� . With anadditionalconstraint>`4;L theILP becomes
unsatisfiablewhile in thebitvectordomainGa��0 still holds.
Theproblemlies in themodelingof theaddition,wherethe
modulo semanticsis ignored. For this, a straightforward
modelingdoesnot work for Verilog-likeoperators.

We proposea methodsfor transformingconjunctionsof
bitvector equalitiesand inequalitiesinto equivalent con-
junctions of equationsand disequationsin integer linear
arithmetic. In particularbitvectortermsaretranslatedinto
linearterms,alongwith asetof lineararithmeticconstraints
(LACs).Propositionsaredirectly translatedinto LACs(but
couldalsobetranslatedinto terms,if desired).A conjunc-
tion of suchconstraintsis referredto asan Integer Linear
ConstraintProblem(ILP).
For a given word-level SAT probleman equivalentILP is
generated,which hasa solution if f the original bitvector
systemhasasolution.Thismeansthatintegersolutionscan
be transformedbackinto the bitvectordomain. Theseso-
lutionsarethenalsosolutionsfor theword-level SAT prob-
lem. The semanticsof the word-level operatorsresembles
thatof Verilog-HDL. Booleanlogic is notmodeledbecause
the focus lies on the datapath– however it could be inte-
grated.
In Verilog-HDL arithmetic on bitvectors is always per-
formedmoduloandis thereforenon-linear. Sinceastraight-
forward linearization of word-level arithmetic operators
doesnot work, eachbitvectorterm is linearized,suchthat
it producesexactly thesameresult(w.r.t. codingintegersas
bitvectors).
In example1 the equation>?� @1�R� C � @1�]�
� @A�bEF� @A� would have
beenlinearizedto

C ��E8��>c��dbe*�I� with theadditional
constraints

C ��Ef�;dbeV4gL and eV4<0 . It is easyto see
thatthis transformationpreservessatisfiabilityanddoesnot
introducemoresolutions.
Experimentalresultscomparingthe proposedtechniqueto
high-endSAT solversshow theadvantageof theapproach.
For severalexamplesthespeed-upis severalordersof mag-
nitude, i.e. for benchmarksthe SAT solvers take several
minutes,while our techniquesfinishesthe formal verifica-
tion in lessthanoneCPUsecond.

2 Bitvector Arithmetic

Bitvectorsandthesyntaxandsemanticsof aconjunctionof
bitvectorequalitiesandinequalitiesaredefined.

2.1 Bitvectors
A bitvector h^� ����i�jk�?lm0[n � of width  is denotedfrom
right to left as ")h �Do�� lqpmpqpqlrh\s�( . The auxiliary functions^tbu � and vDw�x � convertbitvectorsinto naturalnumbersand
vice versa(suchthat vyw�x � �g^tyu o��� ). The

C
-th projection

of "Jt �Mo�� lmpqpmpqlrtys�( is denotedas z3"$t{� ���$( �D| } . For instancet\� ����" C ( denotesthe
C
-th bit of t{� ��� , and ^tyu~"Jt\� ���)( denotes

the integer value of the bitvector t\� ��� with ^tyu~"$t{� ���)(;�� �Do^�}�� s , } t\� ���!" C ( . If thewidth  of t is obviousor irrelevant,t } is usedasshorthandfor t\� ����" C ( . Thebooleanconnectivesp (negation), � (or), and � (and)over jk�\lq0Fn aredefinedas
usual.

2.2 Syntax
A bitvectorformulais aconjunctionof propositions.Propo-
sitionsarebuild over BV-terms. Theoperatorsinvolvedin
BV-termsarea subsetof Verilog-RTL. The operatorspre-
sentedhereare:

� Propositional:Equality, inequality, less.� Arithmetic: Addition, summation1, scalarmultiplica-
tion2, negation3.� Shift/Slice:Left andright shift, zeroextend4, signex-
tend5, concatenation,extraction

Formally, let u�� ��� , 	/�^� ��� , �Q	/�^� ��� denotea bitvectorterm,
a bitvector(variable),anda constantbitvectorof width  ,
respectively. Let �UlAZlr�ciB� and >�l$��lr�Dl�x�iB� s . Thenthe
syntaxis formally definedin eq. 1, fig. 2. Multiplication
could be integrated,alongthe lines of Fallah [6], usinga
for examplea shift-addscheme.

2.3 Semantics

The interpretationof bitvectorterms,propositionsandfor-
mulasis definedasin Verilog-HDL.Formallyaninterpreta-
tion is a functionthat,givenanassignmentto thevariables,
assignsvaluesof a domainto terms.Formally, givena do-
main �����K� � , � � ��jk�?lm0[n � . A variableassignment
(environment)of variables��ty� � of width  is a function� �`� ��ty� �c� � � and � �'� � � . Givenanenvironment � ,
theinterpretationof asyntacticelement� under� is written
as ���m��� . Given a variableassignment� the interpretation
of bitvectortermsandpropositionsis definedin equation2,
fig. 3. For exampletheconcatenationof two termsu � � �y�H� andu @ � �[�!� of width  � and @ , resp.,is denotedas u � � �b����� u @ � �[��� and
for a variableassignment� theinterpretation,i.e. thevalue
of this term,is denotedby �Ju � � �b���\� u @ � �[�!� � � . In this casethe
valueof the concatenationis the bitvector "$t � � o�� lqpmpqpql�tysFl� �[�~o�� lmpqpmpql � s ( , where "Jt �y��o�� lqpmpqpql�t s ( and " � �[�qo�� lqpqpmpql � s (
arethevaluesof u � � �b�H� and u @ � �[�!� under� or short �Ju � � �y�H� ��� and�$u @ � � � � � � . Theinterpretationof propositionsis eithertrue( � )
or false(   ), asusual.For example,two termsareequalif f
their interpretations(valuesunderanassignment)areequal.

2.4 Cir cuit View

A bitvectorformulacanbe viewedasa word-level circuit,
i.e. a conjunctionof propositionswith a variableon theleft
handsideanda simple term on the right handside. This
view will easetheunderstandingof thelinearizationproce-
durelater.
More precisely, a generalbitvectorformula ¡ is a conjunc-
tion of propositions

�
whereeachproposition��i � con-

sistsof two terms u!¢ and u1£ , oneon the left handside,one
on the right handside. It canbe transformedinto a sim-
plebitvectorformulaby introducingintermediatevariables.
For u ¢ , u £ andeachof theirsub-termsintermediatevariables
aredefinedrecursively. For eachof themanequationsrep-
resentingthe operationat the currentlevel is addedto the
toplevel conjunction.
Asanexampleconsiderthebitvectorformularesultingfrom
theRTL in fig. 4: "$tQ� � � x&�T"$¤c%�%�dD(A(��U"$t�� � 4;¤y( .

1Both, summationover a setof termsandaddition of two termsare
definedto clarify theimportanceof speciallinearizationrulesfor eachop-
erator, althoughsummationwould have beensufficient.

2Multiplication with oneinputconstant.
3Negation is viewed as arithmeticoperationbecauseit is definedon

terms.
4Zeroextendis performedimplicitly in Verilog.
5Signextendis neededto modelproperties,but is notpartof Verilog.
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(1)Figure 2. Syntax of a Bitvector Logic

Variable: �Jh^� ���_�Å�f� � ")ha� ���$(
Constant: �r0[� ���N�Å�f� "A0k(�H�M� ���N�Å�f� "J�b(�r0mx�� ���N�Å�f� "A0Flrx �Do�� lqpqpmpql�xÅsk( with "Jx �Do^� lmpqpqpqlrxÅs�(&���Hx�� ���_����H�Fx�� ���N�Å�f� "J�?lrx �Do�� lqpqpmpql�x s ( with "Jx �Do^� lmpqpqpqlrx s (&���Hx�� ���_���
Negation: �H§�u�� ���_�Å�f� " t �Mo�� lqpqpmp~l tys�( with "$t �Do^� lmpqpqpmlrtysk(3�V�Ju�� �¶���Å�

Concatenation: �$u � � �b�!� � u @ � �[�1� �Å�f� "Jt �y��o^� lqpmpqpmlrt s l � �[�Åo^� lmpqpqpml � s ( with"Jt � � o^� lqpmpqpmlrtysk(3�V�$u � � � � � �Å��lm" � � � o^� lmpqpqpml � sk(&���Ju @ � � � � �Å�
Extraction: �Ju�� ª&�!³ �alr�k´N�Å�f� "Jt[Æ?lmpqpqpmlrtMÇ~( with"Jt ªÈo^� lmpqpqpqlrtysk(&�7�$u�� ªY�N����lr�84;�
4O�½%��

Shift left: �Ju�� �¶�`%�%É�\�Å�f� �Ju�� ���1³ W��0R�W�al��¶´ � �M� Æ �¥�Å�
Shift right: �Ju�� �¶�`¼�¼É�\�Å�f� �H�M� Æ � � u�� ����³ W��0bl$�?´N�Å�

Zeroextend: �Ju�� ª&� ZE �\�Å�f� �H�M� Æ o]ªY� � u�� ªY�¥�Å�
SignExtend: �Ju�� ª&� SE �\�Å�f� "Jt[Æ o^� lmpqpqpmlrt s ( with" � ªÈo�� lmpqpmpql � sk(3�V�$u�� ªY���Å�t } � � }NÊ C iOjk�?lmpqpmp~lA�5�-0[nt } � � ªÈo��AÊ C iUjm�Ulqpmpqp~lJ�Ë��0Fn

Addition: �$u � � ��� ��u @ � ��� �Å�f� vDw�x � ")^tyu � "r�$u � � ��� ���](a��^tyu � "A�Ju @ � �¶� �Å�](A(
Sum: � �'¨ o��s jmu s � ��� lqpqpmp~lAu ¨ o��� ��� nm�Å�f� �Ju s � ��� �T")u � � ��� � ÌmÌqÌq"$u ¨ o]@� �¶� ��u ¨ o^�� ��� (�ÌqÌqÌÍ(!�Å�

ScalarMultiplication: �Jx . u�� ���N�Å�f� �Ju � � ��� ��u @ � ��� �ÁÌqÌqÌ¶��u ¨ � ��� ��� with u } � ��� � u�� �¶� if >f¼;�� �?� �¶� if >��T� and , � ¼ >ËÎ @  x
True: �!�È�Å�f� �
False: �! È�Å�f�  
Equal: �Ju � � � u �@ �Å�f� � if f �$u � � �Å�`�7�$u �@ ���

Inequal: �Ju � � Â� u �@ �Å�f� � if f �$u � � �Å�PÂ�7�$u �@ ���
Greater: �Ju � � ¼�u �@ �Å�f� � if f ^tyu � "A�Ju � � ���](Ï¼-^tbu � "r�$u �@ ���](

Less: �Ju � � %�u �@ �Å�f� � if f ^tyu � "A�Ju � � ���](Ï%-^tbu � "r�$u �@ ���](
Greaterof Equal: �Ju � � 9�u �@ � � � � if f �$u � � � u �@ � � �O�Ju � � ¼*u �@ � �

Lessor Equal: �Ju � � 4�u �@ �Å�f� � if f �$u � � � u �@ ���/�O�Ju � � %*u �@ �Å�

(2)

Figure 3. Semantics of Bitvector Operator s and Propositions
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Figure 4. Word-Level Circuit

It will betransformedinto:u � � u @� u � 4-¤� u � �ÁtQ� �� u @ �Áx3��u1Ð� u1ÐÑ�Á¤c%�%�d
An intermediatevariableis definedfor eachinternalsignal
of the circuit. This obviously doesnot changethe satisfi-
ability of the formula. Without loss of generalitysimple
bitvectorformulaswill bereferredto asbitvectorformulas
in thesequel.

2.5 Integer Linear Constraint Problems
Within the framework proposed,bitvector formulas are
translatedinto equivalent integer linear constraintprob-
lems (ILPs). An ILP is a conjunction of linear arith-
metic constraints(LACs). A LAC has either the form� �ÅÒ]}$Ò]� t } h } �Vx (equalityconstraint)or

� ��Ò�})Ò�� t } h } 9x (inequality constraint). All t } and x are integer con-
stants.Thevariablesh } areimplicitly constrainedto benon-
negative. With h s �#0 a conjunctionof LACs,anILP, can
bewrittenasthefollowing (Presburger)formula6:Ó h � lAh @ lqpmpqp~lrh �W� Ô{Õ Ö �
� �-× x Ö × h ×mØ� Ô ÕÍÙ ��4 � × x Ù × h ×qØ lAh\sQ��0 (3)

It contains� equalityandu inequalityLACsover  variablesh × . Theconstantsx Ö × and x Ù × arethecoefficientsof thevari-
able h × in the � ’ th and u ’ th LAC, respectively. A solutionof

6Note that eq. 3 only involves existentialquantificationandconjunc-
tion, but neitheruniversalquantification,disjunction,nornegation.



anILP is anassignmentto thevariablesh � lAh @ lqpmpqpqlrh � such
thatall LACsaresatisfied.SolvinganILP is equivalentto
checkingeq.3 for satisfiability:
Many efficient ILP solvers exist, running in polynomial
time for many cases,however solving ILPs in its general
form is anNP-completeproblem[14].
In thefollowing, we usetheOmegatest[12], however any
ILP solver can be used. There are even automatatheo-
retic approaches,translatingILPs into concurrentnumber
automata(CNA) andcheckingfor non-emptinessof theac-
ceptedlanguage[17, 15].
The Omega test first performs preprocessing,including
eliminationof equalityconstraintsandunboundvariables,
normalizationof the constraints,and checksfor directly
contradictoryor redundantconstraints.All of thesesteps
have polynomial time bounds[12]. The coreprocedureis
a polyhedraapproach,wherethe problemis subsequently
reducedin dimension,first checkingfor real solutionsand
then,if they arepresent,for integer solutions. It relieson
Fourier-Motzkin variableelimination[4], which canbeex-
pensive. But the caseswhereit doesappearto be rare in
practice[12].

3 Linearization
To usethe Omega test,a given (simple)bitvectorformula
is translatedinto an ILP. The ideais to convert a bitvector
formula ¡ into a conjunctionof linearconstraintssuchthat
thelinearconstraintproblem(seeeq.3) hasa solutionif f ¡
hasasolution.A one-to-onemappingof bitvectorvariables
to linear variablesis used,such that the solutionsof the
bitvectorproblemcanbe calculatedfrom the solutionsof
theILP. In thefollowing for eachoperationthecorrespond-
ing transformationis given.Thentheoverallalgorithmflow
becomesverysimple,sinceonly thecorrespondingrulehas
to beapplied.

3.1 Modeling of Modulo in ILP
Sinceoperationsonbitvectorsareperformedmodulo,apos-
sibleoverflow will bediscarded.In general,operationson
bitvectorsareperformedmodulo ,FÚ~Û1Ü

Ù « £�Ý }NÞ Ù$ß . Therefore
the modulo operatorhas to be modeledin integer linear
arithmetic.Someoperationsrequireto discardsomeof the
leastsignificantbits which could be resembledby integer
division. Neithermodulonor division is partof integerlin-
eararithmetic.
But usingquasilinear constraintsthey canbe modeledas
follows: Consideran equality w*�áà;â�ã^ä*� with w 4�å�T0 in the naturaldomain. This canbe written without
the modulooperatoras �O4Ià��*�æeÁ4V�å�'0 , w`�#à���We�lr�É�Áçbã{è�émê , with noconstraintsto e . (Thisisbasically
thedefinitionof themodulooperator.) For integerdivision
theprocedureis similar: w8�VàOä�ë)ì½� as �æ4�àU���æe�4�5��0blrwÈ�Te�lA�í�Áçbã{è�éqê .
Sincein thebitvectordomainall variableshave a finite do-
main, e canbeconstrained:t/�Á^tyu~" � � î��_(aâ*ã^ä`,Fï2ð ��4 � ��,[ï[e� � �P,Fï[eO4;,FïQ��0��t/� � �P,FïFe��tË4 ,[ïQ�-0� � 4;, î �-0��eO4;, î�o ï2�-0t�� ^tyu~" � � î��N(�ä�ë$ìW,Fñòð �84 � ��,[ñktc4;,[ñR�-0�½tf4-, î¶o ñR�-0� � 4;, î �-0
Linearizationtechniquesaregiven for singlebitvectorop-
erators,propositionsandformulas.Thefollowing notation

for theconversionis used:
bitvectortermto beconverted

convertedinteger termalongwith constraints

The integer term is build over integervariables.All linear
variablesarenon-negative by definition. This is not a re-
striction,it just savessomeof thewriting.

3.2 Linearizing Terms
All termsoccurringin asimplebitvectorformulaaresimple
terms,i.e. they involvejustvariables,constantsandoneop-
erator. Thereforelinearizationof simpletermsis sufficient.
Eachoperatorin eq. 1, fig. 2 is translatedinto LACs. A
bitvector t{� ï � anda constantbitvector x¶� ï � canbetranslated
into a linearvariableasfollows:t\� ï �t with tc4 ,[ïQ�-0 x¶� ï �è�óMêRx�� ï �
Conversionof negationof abitvectoris alsofairly simple.§Kt{� ï �,[ïQ�-0R�Ut with tc4 ,[ï2�;0
Addition of two bitvectorscanbetranslatedasfollows:t{� ï �D� � � ï �t2� � ��, ï e with t2� � �P, ï eB4 , ï �-0B�:eO4'0
More general,for thesumof at leastonebitvector( �¼'� )
it holds: ôõö¥÷�ø[ù¶ú û�ü öý ôö¥÷�ø ù ö?þ/ÿ û��

with
ý ôö¥÷�ø ù ö?þ/ÿ û�� � ÿ û þ ��� � ��� þ �

Notethatsubsequentadditionof
C

termsyieldsa different
linearizationresultthansummation.In thefirst case

C
sigma

variableswith a domainof jk�?lm0[n eacharegenerated.Thus
thereare , } possiblecombinationsof values. In the latter
caseonly onesigmavariablewith adomainof ³ �?lmpqpqpql C �½0~´
is needed.This obviously makesa big differencefor largeC
, andthesearchspacefor theILP is muchsmallerfor sum-

mation.
Multiplication with aconstantbitvector x is justsubsequent
addition.For scalarmultiplicationwith xÈ¼-� thefollowing
rule is applicable: xqt\� ï �xqt���,[ï[e with x~t
�P,FïFeO4;,Fï2��0O�:eO4;xY�-0
For extraction,right andleft shift therulesarerathercom-
plicated.For instancea shift to the right t\� ï ��À	��
 cannot
bemodeledas , o ñkt , sincedivisionandfractionsof integers
arenot part of ILP. Insteadextractionandshift operations
aremodeledusingquasilinear constraintsfor moduloand
integer division. Left shift is modeledasa moduloopera-
tion followedby a multiplicationwith a powerof , :ù¶ú û�ü�����

�
with

��� ÿ ��� � ��� ù þ
ÿ û�� � � � � � ÿ ��� ÿ û�� � þ ������ � ÿ û�� � þ ��� � � ÿ � þ �
A shift to theright is a divisionby apowerof , .t\� ï �J¼�¼�
> with ��4�t/�P, ñ >`4;, ñ �-0O�:>f4 , ï o ñ ��0
Therule for concatenationof bitvectorsis:t{� ï � � � � î��, î t2� � with , î tQ� � 4;, î�� ï2�;0



Therule for extractionis:t{� ï ��³ C lHEF´> with >`4;, })o × ��� �-0O�+t
��, } ��� eO4 , } ��� �-0Ï�t���, } ��� e`��, × >`4;, × ��0O�:eO4 ,[ï o]}$o�� �-0
Sign extend is neededto extend the length of a bitvector
with a 2’s complementinterpretationof it’s value. The
mostsignificantbit (MSB) of t\� î�� is "Jt div , î¶o�� ( andde-
terminesthe value of the "!
W�#"M( MSBs of "Jt{� îÅ�ÏÀ^¿$
D( .
The integer value representingthem is "J, ñ �V, î ( . The
valueof "$t div , î�o^� ( is either � or 0 andtherefore "H,[ñ��, î (~"Jt div , î�o�� ( is either � or "J,[ñ&�æ, î ( . Consequentlysign
extendis modeledas: ù[ú %�ü'&)(*�

� ÿ � þ
ÿ % �+-, ù
with . � ù þ/ÿ %/� ø +�� ÿ %/� ø þ ���0+��1�

Sincezeroextendis just a syntacticfeature,concatenation
of a constantbitvectoranda termcouldbeused.However,
it is useful to have a specialrule for zero extend to save
variablesandconstraints:t{� ï �\¾3¿2
t with tc4 , ï �-0
3.3 Linearizing Propositions
Bitvectortermson the left andright handsideof a propo-
sition have the samelength. Most of the propositionscan
easily be translated,sincee.g. t\� ���`4 � � �¶� if f è�óMê�t\� ���ò4è�óMê � � ��� . The sameappliesfor ’ 9 ’,’ % ’ and ’ ¼ ’. Incorpo-
ratingrulesfor thoseoperatorsis thereforestraightforward.
For ’ Â� ’ thingsarea little bit morecomplicated,sinceit is
not partof ILP. AlthoughOmegatestcanhandlenegation,
it is not desirableto keepit, sinceOmega testcannotdeal
with it very well [13]. Using the additive inverse7, it fol-
lows that 3¶� ���RÂ�V�M� ��� if f 3[� �¶�39I0F� �¶� . Therefore: t{� ���ZÂ� � � ���
if f t{� ����� � � ���M�
� ���43[� ��� with 3[� �¶�a9'0F� ��� . New variablese�l�3
areintroducedand t{� ���3Â� � � ��� is modeledas:t{� �¶�3Â� � � ���t�� � �532��, � e with 0�463��73/4;, � �-0O�+eU4T0
3.4 Linearization of Bitvector Formulas
Basedon the resultsabove, a whole bitvectorformula can
now belinearizedrecursively, suchthatsub-termsof a term
arelinearizedbeforethe term.A bitvectorformula is satis-
fiable if f the correspondingILP is satisfiable. A solution
of theILP canbetranslatedinto a solutionof thebitvector
formulausingtheauxiliary function vDw�x � .
To formally justify the correctnessof the overall proce-
dure, the linearizationtechniquesgiven above canbe for-
malizedasconversionfunctions,which cannot presented
here.Roughlytheargumentsis asfollows: A simplebitvec-
tor formula ¡ is a conjunctionof simple propositions� } .
Thesatisfiabilityof the formula ¡ is preservedby a sound
modelingof eachproposition� } . A bitvectorproposition� } is satisfiableif f it’s ILP �98} is satisfiable.The ILP ¡:8 of
a simplebitvectorformula ¡ is theconjunctionof theILPs�;8} of propositions� } , which arein turn conjunctionsof ILP
constraints.
Furthermore,if theILP ¡:8 is satisfiableand <98 is asolution,
an environment < of vDtb�M"H¡�( canbe calculatedsuchthat it
satisfies¡ , i.e. ��¡]� � �6� .

7It alwaysexistsfor bitvectoraddition.

Table 1. Comparison of commer cial SAT
prover vs. ILP appr oach

Testcase Hybrid BooleanProver ILP (Omega)
# InputVars # Gates CPUtime CPUtime

testa L>= d4?bL �\pA@[� %;�?p �?0
fir B>= 0m�4C?0 =D?\p¥0'@ %;�?p �?0

testb L>= =M0b0 ,¶d4C\p ,>@ %;�?p �?0
test c L>= =M0b0 0/Cb,?p CbL %;�?p �?0
long5 0'@ 0/B4? �\p �y, %;�?p �?0
long6 ,FL ,DCbL �\p �Fd �?p �?0
long7 ,E? LE?)@ �\p¥0'@ %;�?p �?0
long8 L>= =M0b0 0bp =4= %;�?p �?0
long9 d{0 Bb,4= d{p =[d �?p �?0
long10 dF@ @¶L4? ,[�\pA@D? %;�?p �?0
long32 0'@'? Lb,[d)@ 0b0/By,Mp LE? �?p �?0

Table 2. Comparison of Chaff and ILP ap-
proach

Problem# SAT Vars# Clauses# Literals Chaff ILP
testa =[Lb� 0md4Cb� L[d)=F, 0m�\p ?\0 %��?p �?0

fir 0F0md4C Ly,¶dbd – Abort %��?p �?0
long5 0/?4B =[Lb, 0�@DBE? �\pA@DC %��?p �?0
long6 LF�4C C4=[� 0/?4Cb, 0F0bpA@DC �?p �?0
long7 dy,EC 0b0/?y, ,4@DCF� B[d{p dyL %��?p �?0
long8 =¶d>C 0�=[LFd L4=>@E@ @'B>@Mp �)@ %��?p �?0
long9 BEB4C 0�C>@DB – Abort �?p �?0

To translatea formula, we have to linearize eachof it’s
propositions.The order in which the propositionsarelin-
earizedis irrelevant. If there is term sharing,it is suffi-
cientto linearizeeachtermonce.Thenumberof constraints
generatedfor a formulacanbecalculatedeasily. Our con-
versionalgorithmhasa linearcomplexity in thenumberof
propositionsandterms.

4 Experimental Results
Themethoddescribedabovehasbeenimplementedin C++
and has beenintegratedinto an industrial RTL bounded
modelcheckingframework (seefig. 5 for theoverall flow)
developedat theformal verificationgroupatSiemens,Ger-
many. For detailson boundedmodelcheckingsee[1]. All
resultsin thefollowing aremeasuredonaSUNUltra Sparc
60 and all run times are given in CPU seconds. As ILP
solver theOmegatest[12] hasbeenused.
In a first seriesof experimentsour techniquebasedon ILP
is comparedto anindustrialhigh-performancemulti-engine
SAT solverdevelopedat Siemens,which automaticallyuti-
lizesdifferentstate-of-the-artsolvers,likeATPG,BDD and
3-SAT. Eachof the test casesshown in the upperhalf of
tab. 1 implementstwo versionsof thesamearithmeticfunc-
tion in Verilog-RTL. Thepropertychecksfor their equiva-
lence.
For example,’fir’ hastwo equivalentoutputs,’ t1’ and’ t2’
which implementa shift/addfunction, commonlyusedin
digital filters:
module fir(a,b,c,d,e,f);

input [12:0] a; input [12:0] b;
input [12:0] c; input [12:0] d;
input [12:0] e; input [12:0] f;
wire [12:0] t1; wire [12:0] t2;
assign t1 = a + (b << 2’d1) + (c << 2’d2)

+ (d << 3’d3) + (e << 3’d4)
+ (f << 2’d2);

assign t2 = a+4’d2*(b+4’d2*(c
+ 4’d2*(d+3’d2*e)))

+4’d4*f;
endmodule



Counter−
Example

Linear−
ization

ILP Prover
(Omega)

Boolean
SAT Prover

Boolean
Formula

GL−
Synthesis

ILP

Property

Frontend

Verilog

Bitvector
Proposition

Figure 5. RTL Bounded-MC Framework

Theexamplesdiffer in structureaswell asin thearithmetic
operatorsoccurring. Although the examplesappearto be
small – countedin the numberof gates– they aredifficult
to provein theBooleandomain.
To show the scalabilityof approach,the examples’ long5’
through’ long10’ arethe samedesign,scaledin the width
of thevariablesfrom 5 to 10 bit. Thelimits of theBoolean
packageswerereachedat 10 bit. The Omega testdid not
show any growth in runtimeuntil it failedat33bit8 because
of variablewidth limitations.As caneasilybeseen,theILP
solver obtainssignificantspeed-upscomparedto the high-
performancemulti-enginesolver.
Finally, a comparisonto a pureSAT solver is given. In the
Booleandomain,Chaff [11] is by far the fastestavailable
publicdomainSAT solverasarecentstudyhasshown [16].
Theresultsaregivenin tab. 2. As canbeseen,in this case
the ratio even becomesworse. For larger instancesChaff
was not able to find the result within the given time and
memorybounds.
In summary, a tremendousspeed-upcan be obtainedby
solving the verificationproblemon the word-level instead
of thebit-level. While thebit-level problemsturn out to be
veryhard,theILP solvernever took morethana hundredth
of asecondto terminate.

5 Conclusion

A methodto checksatisfiabilityof bitvectorformulashas
beenpresented.Thebitvectoroperatorshave a modulose-
manticsasfoundin HDLs, likeVerilog. Bitvectorformulas

8Due to the limitations in the word sizeof the ILP prover, we hadto
limit variablewidth to 16 to 32 bit. Theselimitations canbe overcome
using integersof arbitrary length, insteadof machinedatatypes,within
Omegatestor usingtechniquesproposedby Fallah [6].

aretranslatedinto the integerdomain,suchthatcounterex-
amplesfor the resultingILP-SAT problemcandirectly be
translatedinto counterexamplesfor the original problem.
Thereare no falsepositives or falsenegatives. The pro-
cedurehasbeenintegratedinto an industrialRTL bounded
model checkingframework. The Omega test is usedas
ILP solver. The experimentalresultsshow that using this
technique,considerableperformancegains over Boolean
proverscanbeachieved.
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Procedurefor the Theory of Fixed-SizedBit-Vectors. In
Proceedingsof 9th CAV’97, volume1254of Lecture Notes
in ComputerScience, pages60–71,1997.

[4] G.B. DantzigandB. C.Eaves.Fourier-Motzkin Elimination
andIts Dual. Journalof CombinatorialTheory(A), 14:288–
297,1973.

[5] R. Drechsler. Formal Verificationof Circuits. Kluwer Aca-
demicPublisher, 2000.

[6] F. Fallah. Coverage DirectedValidation of Hardware Mod-
els. PhDthesis,MIT, 1999.

[7] F. Fallah, S. Devadas,andK. Keutzer. FunctionalVector
Generationfor HDL ModelsUsingLinearProgrammingand
3-Satisfiability.In Proceedingsof 35thDAC-98, pages528–
533,1998.

[8] C.-Y. Huang and K.-T. Cheng. Assertion Checking
by CombinedWord-level ATPG and Modular Arithmetic
Constraint-SolvingTechniques.In Proceedingsof DAC’00,
pages118–123,2000.

[9] P. Johannsen.BooStER:SpeedingUp RTL PropertyCheck-
ing of Digital Designsby Word-Level Abstraction. In Pro-
ceedingsof CAV’01 Conference, volume 2102 of Lecture
Notesin ComputerScience, pages373–376,2001.
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