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Abstract

Satisfiabilityof complexword-levelformulasoftenarises
asa problemin formal verificationof hardware designsde-
scribed at the register transferlevel (RTL). Eventhough
mostdesignsare describedn a hardware descriptionlan-
guage (HDL), like Verilog or VHDL, usuallythis problemis
solvedn theBooleandomain,usingBooleansolves. These
enginesoftenshowa poor performanceor datapath veri-
fication.

Insteadof solvingthe problemat the bit-level, a method
is proposedto transformconjunctionsof bitvector equali-
ties and inequalitiesinto setsof integer linear arithmetic
constaints. It is shownthat it is possibleto correctly
modelthe modulo semanticsof HDL opetators as linear
constaints. Integer linear constaint solves are usedasa
decisionprocedue for bitvectorarithmetic. In the imple-
mentationwe focuson verificationof arithmeticproperties
of Verilog-HDL designs. Experimentalresultsshow con-
siderable performanceadvantayesover high-endBoolean
SAT solverapproades. The speed-upon the bendimarks
studiedis several orders of magnitude

1 Intr oduction

Registertransferlevel (RTL) hardwaredescriptionlan-
guages(H DLs), suchas VHDL and Verilog, are widely
usedfor hardware design. Bitvectorsare usedto repre-
sentvariablesand their valuesby RTL-HDLs. Important
arithmeticbitvectoroperatorsarefor instancenegation,ad-
dition, multiplication, extension,extraction,concatenation,
andshifting. Theseoperatorsareoften usedto modeldata
pathsof hardware designs.Many designautomationtools
operatingpn HDLs, includinglogic verification,testgener
ation,andsynthesishave to solve the satisfiabilityproblem
for word-level formulas. Usually this is doneby breaking
down the problemontothe bit-level. But thendatapathsn
the RTL oftenleadto performanceproblems. Solving the
SAT problemdirectly onthe word-level, asopposedo first
translatingit into the Booleandomain,bearsa high poten-
tial for optimizationfor thosetools. Solving systemgcon-
junctions)of equalitiesandinequalitiesof arithmetichitvec-
tor termsarisesasa sub-problenof word-level satisfiability
checking.

Recently severaltheoriesof fixedsizedbitvectorsalong
with polynomial compleity bound decision procedures
have beenproposed3, 10, 9]. They cannothandlearith-
metic operationslike addition and scalar multiplication,
sincedecidingarithmeticoverbitvectorss N P-hard. Other
approachedike[2], handleadditionin theirtheory

As analternatve the us of word-level decisiondiagrams
(WLDDs) hasbeenproposedand arithmetic circuits, like
multipliers,have successfullypeenverified, but theintegra-
tion in anautomaticflow turnsoutto be difficult dueto the
exponentialworstcasebehaior of the synthesioperations
(for moredetailsseg[5]).
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Chenget al. [8] proposea hybrid ATPG modulararith-
metic constraintsolving techniquefor assertionchecking.
An arithmeticconstraintsolver basedon the modularnum-
ber systemis usedfor satisfiability checkingof a datapath
portion. However this solveris limited to linear constraints
arising from adders,subtractorsand multipliers with one
constaninput. Shiftersandinequalitiesarenot handledby
their modularsolver but the possiblesolutionsare heuristi-
cally enumerated.

allah [7, 6] proposeda hybrid satisfiability approach,
HSAT, to generatdunctionaltestvectorsfor RTL designs.
This hybrid methodgeneratedinear arithmeticconstraints
§LACS?, for arithmeticoperators,and conjunctive normal
orm clausesfor Booleanlogic. This approachwas uni-
fied in [18], whereboth arithmeticword-level operatorsas
well as Booleanpartsare linearizedyielding a single In-
teger Linear ConstraintProblem(ILP) instance. However
[7, 6, 18] modelarithmeticoperatorstraightforvard, with-
out their usualmodulosemanticswhich is particularlyim-
portantascanbeseenn thefollowin%:
Example 1: Let Ay, By, andCl,; be bitvectorvariables

of width n, and Sj;; a Booleanvariable. (The width of

bitvectorsand operatorsis written as subscript.) Let A,
B, C' and S be linear variables. (Without lossof general-
ity throughoutthis paperall int ervariablesareimf)licitly
constrainedo be non-ngative.) In [7, 18 the following
linearizationruleswereproposed:

e Addition: Cj,) = Apy) +[n) Biny i1s modeledby the
constraintd + B — C' = 0.

e ComparatorSyy) = (A, < Bpy) is linearizedusing
the constraintpair A — B — 2" x (1 — S) < —1 and
A — B+ 2" xS > 0, with the additionalconstraints
A<on—1 B<2"—1landS < 1.

Figure 1. Example RTL
The problemis illustrated by the circuit in fig. 1. With
n = 2 the equationalbitvector representations kp; =
if2] 2] Jrz» @ndipyy = (kpg) < 3j2)). Usingtherulesabove
linearizationyieldstheILP:

i+j—k =0
E—3-2"x(1-1) <-1
k—3+2"%0 >0

i <3

J <3

1 <1

Fori = 3 andj = 1 onewould expectl = 1, sinceipy =
312 andjy) = 1pz) impliesipg = 1py, 32y +121 121 = Opy



andlpy) = (0pg) < 3[z)). Buttheonly solutionfor thelLP is

[ = 0. With anadditionalconstraint; < 3 thelLP becomes
unsatisfiablevhile in the bitvectordomainl = 1 still holds.
Theproblemliesin themodelingof theaddition,wherethe
modulo semanticds ignored. For this, a straightforvard
modelingdoesnotwork for Verilog-like operators.

We proposea methodsfor transformingconjunctionsof
bitvector equalitiesand inequalitiesinto equvalent con-
junctions of equationsand disequationsn integer linear
arithmetic. In particularbitvectortermsaretranslatednto
linearterms,alongwith asetof lineararithmeticconstraints
(LACs).Propositionsaredirectly translatednto LACs (but
could alsobetranslatednto terms,if desired).A conjunc-
tion of suchconstraintss referredto asan Integer Linear
ConstraintProblem(ILP).

For a given word-level SAT probleman equialentILP is
generatedwhich hasa solution iff the original bitvector
systemhasasolution. This meanghatintegersolutionscan
be transformedbackinto the bitvectordomain. Theseso-
lutionsarethenalsosolutionsfor theword-level SAT prob-
lem. The semanticof the word-level operatorsesembles
thatof Verilog-HDL. Booleanlogic is not modelecbecause
the fogus lies on the datapath- however it could be inte-
grated.

In Verilog-HDL arithmetic on bitvectorsis always per
formedmoduloandis thereforenon-linear Sinceastraight-
forward linearization of word-level arithmetic operators
doesnot work, eachbitvectortermis linearized,suchthat
it producesxactly the sameresult(w.r.t. codingintegersas
bitvectors).

In examplel the equationkyy = iz) +2) jj2) Would have
beenlinearizedto i + j — k — 40 = 0 with the additional
constraints) + j — 40 < 3 ando < 1. It is easyto see
thatthis transformatiorpreseressatisfiabilityanddoesnot
introducemoresolutions.
Experimentakesultscomparingthe proposedechniqueto
high-endSAT solversshav the advantageof the approach.
For severalexampleshe speed-ups severalordersof mag-
nitude, i.e. for benchmarkghe SAT solvers take several
minutes,while our techniquedinishesthe formal verifica-
tion in lessthanoneCPU second.

2 Bitvector Arithmetic

Bitvectorsandthe syntaxandsemantic®f a conjunctionof
bitvectorequalitiesandinequalitiesaredefined.

2.1 Bitvectors

A bitvector z,) € {0,1}" of width n is denotedfrom

right to left as (zp—1,-..,%0). The auxiliary functions
nat, andvec, corvertbitvectorsinto naturalnumbersand
vice versa(suchthatvec, = nat;!). Thei-th projection
of (an_1,-..,a0) is denotedas m(ayy))n,;- FOr instance
ajy (i) denotesthe i-th bit of ay,;, andnat(ar,) denotes
the integer value of the bitvector ay,,; with nat(ap,)) =

Sy 2%ag, (i). If thewidth n of a is obviousor irrelevant,
a; is usedasshorthandor ap,,; (4). Theboolearconnectves
= (negation),V (or), andA (and)over {0, 1} aredefinedas
usual.

2.2 Syntax

A bitvectorformulais aconjunctionof propositions Propo-
sitionsarebuild over BV-terms. The operatorgnvolvedin
BV-termsare a subsetof Verilog-RTL. The operatorspre-
sentechereare:

e Propositional:Equality, inequality less.

e Arithmetic: Addition, summation, scalarmultiplica-
tion?, negatior?.

o Shift/Slice: Left andright shift, zeroextend, sign ex-
tenc?, concatenatiorgxtraction

Formally, let t(,;, BV},;, C BV|, denotea bitvectorterm,

a bitvector (variable),and a constantitvectorof width n,
respectiely. Letm,n,o € Nandk,p,q,c € Ny. Thenthe
syntaxis formally definedin eq. 1, fig. 2. Multiplication
could be integrated,alongthe lines of Fallah [6], usinga
for examplea shift-addscheme.

2.3 Semantics

The interpretationof bitvectorterms,propositionsandfor-
mulasis definedasin Verilog-HDL. Formally aninterpreta-
tion is afunctionthat,givenanassignmento thevariables,
assignsvaluesof a domainto terms. Formally, givena do-
mainD = UD,, D, = {0,1}". A variableassignment
(ervironment)of variablesVar,, of width n is a function
on : Var, = Dy, andp = Uyp,,. Givenanervironmentyp,
theinterpretatiorof asyntacticelements undery is written
as[s]¥. Givena variableassignmenty the interpretation
of bitvectortermsandpropositionds definedin equatior?,

fig. 3. For examplethe concatenatiowf two termst} ] and

[n1
t1,,) Of widthn; andn,, resp. s denotedasty,, , ®17 , and
for avariableassignmeny theinterpretationj.e. thevalue
of thisterm, is denotedby [t} ; ® #7,,,]¢. In this casethe

value of the concatenatioris the bitvector (a,,, —1, - . - , ao,
bnz—la ey bo), Where(anl_l, ey a()) and(bn2_1, ey bo)
arethevaluesof ¢, ; and¢?, , undery or short[t;,, ;]¢ and

[[t[an]]]‘/’. Theinterpretatiorof propositionss eithertrue(T)

or false(.L), asusual. For example,two termsareequaliff
theirinterpretationgvaluesunderanassignmentareequal.

2.4 Circuit View

A bitvectorformula canbe viewed asa word-level circuit,
i.e.aconjunctionof propositionswith avariableontheleft
handside anda simpleterm on the right handside. This
view will easethe understandingf thelinearizationproce-
durelater
MorePrecisera generabitvectorformula f is a conjunc-
tion of propositionsP whereeachpropositionp € P con-
sistsof two termst; andt,., oneon the left handside,one
on the right handside. It canbe transformednto a sim-
le bitvectorformulaby introducingintermediatevariables.
or t;, t, andeachof their sub-termsntermediatevariables
aredefinedrecursvely. For eachof themanequationgep-
resentingthe operationat the currentlevel is addedto the
toplevel conjunction.
As anexampleconsidethebitvectorformularesultingfrom
theRTL infig. 4: (a+b=c+ (d << 4))A(a+b<d).

1Both, summationover a setof termsand addition of two termsare
definedto clarify theimportanceof specialinearizationrulesfor eachop-
erator althoughsummationwould have beensuficient.

2Multiplication with oneinputconstant.

SNegationis viewed as arithmeticoperationbecausét is definedon
terms.

4zeroextendis performedmplicitly in Verilog.
5Signextendis neededo modelpropertiesput is not partof Verilog.



tiny 5= BViny | CBViny | (<tm)) | (b + tmp) | (Zzg thog) (% tm) | () © to) o
(S /1) [I— w2y (tm) >>p) | () <<p) | (¢ m] 75 P)lncppzm | timl SEP), s
proposition ::= T|L|t ]—t[n]| [] n]|t[n<t[n|t n] 2 1 ]|t[n]<tn]|tn]>t[n]
formula ::= proposztzon | (proposztzon A formula)
Figure 2. Syntax of a Bitvector Logic 1)
Variable: [[.Z‘[n]]]“’ = go(w[n])
Constant: [1yle = (1)
[0]® = (0) _
[lem]® = (L,en—1,---,c0) With (cn_1,-..,¢c0) = [ein)]?
[0ci]¥ = (0,en-1,---,c0) With (cn_1,-..,¢c0) = [e[n]]?
Negation: [t = (@1, .-, @) With (an—1, .- -, a0) = [tn)]%
Concatenation: [[t[nl] ® t[2n2]]]<ﬂ = (@n;-1,---,0,bpy 1,---,bo) With
(anl_l, ..,ao) = [[t[lnl]]](p,(bnz—la"'ﬂ ) Ht[ng]]]
Extraction: [timip,dl]¥ = (ap,...,aq) with
(@m—1,---500) = [trm]?,0<g<p<m
Shift left: [t << p]? = [tpmln — 1 - p,0] ® 0]
Shift right: [t >> p]¥ = [[0 (p] ® ti[n — 1 p]]]“"
Zeroextend: [{ tim] ZE p]¥ = [Opp—m) ® t(m]®
SignExtend: [tim) SEP]® = (ap—1,--.,a0) With
(bm 15- bO) = |[t[m]]]w (2)
a; =b; Vi € {0,. -1
a; =bm_1Vi € {m, ,p—1
Addition: [t + ¢741¢ veey (natn ([t1,;1%) + nat, ([£7,,1%))
sum: [ {8ty 1P = [t + (ty +- (tf SRRt N 4
ScalarMultiplication: le*tm]® = [[t + t[n] -+ t[ 1% Wlth t[ | =t k>0
= O[n] ifk=0 and2” >k=anc
True: [T]® =
False: [L]® = J_
Equal: [ty =5]e = Tiff [¢7]% = [¢5]¢
Inequal: Ht{b #t2]Y = TIff[t7]% # qjtg]]“’
Greater: tr > 09 = T iff nat, ([t7]?) > nat, ([t5]9)
Less: [t < 7] = T iff nat,([t7]%?) < nat,([t2]%)
Greaterof Equal: Ht{‘ >t2]Y = Tiff [[ T = tgﬂ‘f’ v Ht{” > tg‘ﬂ“’
Lessor Equal: th <th]|? = TIiff [t =¢2]° Vv [t} < t§]¥

Figure 3. Semantics of Bitvector Operator s and Propositions

Figure 4. Word-Level Circuit

It will betransformednto:

t1 =ta
At <d
A ti =a+bd
AN to =cH+is
AN t3 =d<<4

An intermediatevariableis definedfor eachinternalsignal
of the circuit. This obviously doesnot changethe satisfi-
ability of the formula. Without loss of generalitysimple
bitvectorformulaswill bereferredto asbitvectorformulas
in thesequel.

2.5 Integer Linear Constraint Problems

Within the framework proposed,bitvector formulas are
translatedinto equialent integer linear constraintprob-
lems (ILPs). An ILP is a conjunction of linear arith-
metic constraints(LACs). A LAC has either the form
2i<i<n @i = c (equalityconstraintjor 3, ., a;iz; >
c (ineqr ality constraint). All a; and ¢ are integer con-
stants.Thevariables; areimplicitly constrainedo benon-
negative. With xo = 1 aconjunctionof LACs,anILP, can

bewritten asthefollowing (Preshirger)formule:
dz1,22,. .., Ty : (/\ 0=>3; csj:c])
A (/\0 S E'Ctjwj> , Lo = 1

It containss equalityandt inequalityLACsovern variables
zj. Theconstants:s, andc; arethecoeficientsof thevari-

ablex; in thes’th andt’th LAC respectiely. A solutionof

(3)

6Note that eq. 3 only involves existential quantificationand conjunc-
tion, but neitheruniversalquantification disjunction,nor negation.



anlLP is anassignmernto thevariableszy, zs, . . . , 2, such
thatall LACsaresatisfied.SolvinganILP is equvalentto
checkmgeq. 3 for satisfiability:

Many efficient ILP solvers exist, running in polynomial
time for mary caseshowever solving ILPs in its general
formis anNP-completeproblem[14].

In thefollowing, we usethe Omegatest[12], however ary
ILP solver can be used. There are even automatatheo-
retic approachestranslatinglLPs into concurrentnumber
automatgCNA) andcheckingfor non-emptinessf theac-
ceptedanguagq17, 15].

The Omega test first performs preprocessingjncluding
eliminationof equality constraintsand unboundvariables,
normalizationof the constraints,and checksfor directly
contradictoryor redundantconstraints. All of thesesteps
have polynomialtime bounds[12]. The coreproceduras
a polyhedraapproachwherethe problemis subsequently
reducedn dimension first checkingfor real solutionsand
then, if they are presentfor integer solutions. It relieson
Fourie-Motzkin variableelimination[4], which canbe ex-
pensve. But the caseswhereit doesappearto be rarein
practice[12].

3 Linearization

To usethe Omajatest, a given (simple) bitvectorformula
is translatednto an ILP. Theideais to corvert a bitvector
formula f into a conjunctionof linear constraintsuchthat
thelinearconstraintproblem(seeeq. 3) hasa solutioniff f
hasasolution.A one-to—onemaﬁpingof bitvectorvariables
to linear variablesis used,suchthat the solutionsof the
bitvector problemcan be calculatedfrom the solutionsof
thelLP. In thefollowing for eachoperatiorthe correspond-
ing transformations given. Thentheoverallalgorithmflow
become:vera/5|mple,5|nceonly thecorrespondingule has
to beapplied.

3.1 Modeling of Modulo in ILP

Sinceoperation®nbitvectorsareperformednodulo,apos-
sible overflow will bediscarded.In general,operationson

bitvectorsare performedmodulo 2vector width — Therefore
the modulo operatorhasto be modeledin integer linear
arithmetic. Someoperationgequireto discardsomeof the
leastsignificantbits which could be resembledy integer
division. Neithermodulonor divisionis partof integerlin-

eararithmetic.

But using quasilinear constraintshey canbe modeledas
follows: Consideran equalitye = a mod m with e <

m — 1 in the naturaldomain. This canbe written without
themodulooperatorasO < a—mo <m-—1,e = a —

mo, m = const, with noconstraintdo o. (Thisis basically
the definition of the modulooperator) For integerdivision

the procedurds similar: e = a divm as0 < a — mo <

m —1,e = o,m = const.

Sincein thebitvectordomainall variableshave a finite do-
main,o canbeconstrained:

a = nat(bp,)) mod 2* & 0<b—2%
AD— 290 <2° —1

ANa=b—-2%
Aa<2®—1
Ab<Z2Y—1

No<29%—-1
a=nat(by)) div2* & 0<b-2°a<27 -1

Na<297%—-1

Ab<2Y -1

Linearizationtechniquesare given for single bitvectorop-
erators propositionsandformulas. The following notation

for the corversionis used:
bitvectortermto be corverted

corvertedinteger termalongwith constaints

Theintegertermis build over integer variables.All linear
variablesare non-nejative b¥ definition. This is not a re-
striction, it just savessomeof thewriting.

3.2 Linearizing Terms

All termsoccurringin asimplebitvectorformulaaresimple
terms,i.e. they involve justvariablesconstant@andoneop-
erator Therefordinearizationof simpletermsis suficient.
Eachoperatorin eq. 1, fig. 2 is translatedinto LACs. A
bitvectoray,; anda constanbitvectorcj,) canbetranslated

into alinearvariableasfollows:
ik Cla]
aWwitha <2% —1 nat ¢y

Corversionof negationof a bitvectoris alsofairly simple.
T[]

22 —1—awitha < 2® — 1

Addition of two bitvectorscanbetranslatecasfollows:
Afa] + ble]
a+b—2%cwitha+b—-2°6<2" -1 AN0o<1

More generalfor the sumof atleastonebitvector(n > 0)
it holds:

n

Z az];

i=1
Shqia;—2%0with 3% 1 a; —2%0<2* -1 Ao <n-—1

Note that subsequeradditionof  termsyields a different
linearizationresultthansummationIn thefirst case; sigma
variableswith adomainof {0, 1} eacharegeneratedThus
thereare 2 possiblecombinationsof values. In the latter
caseonly onesigmavariablewith adomainof [0, . .. ;i — 1]
is needed.This obviously makesa big differencefor large
i, andthesearchspaceor thelLP is muchsmallerfor sum-
mation.

Multiplication with a constanbitvectorc is just subsequent
addition.For scalamultiplicationwith ¢ > 0 thefollowing
ruleis applicable:
ca[w]
ca—2%cwWithca —2°c <2 -1 Ao <c—1

For extraction,right andleft shift the rulesarerathercom-
plicated. For instancea shift to theright a;,; SR z cannot

bemodeledas2~%a, sincedivisionandfractionsof integers
arenot part of ILP. Insteadextractionand shift operations
aremodeledusingquasilinear constraint§or moduloand
integer division. Left shift is modeledasa moduloopera-
tion followedby a multiplllica<tiggwith apower of 2:

[«]

Ewithk =2°h A h=a —2°"%0 ANk < 2%(2°7% — 1) A
h<22=% ~1 AN g<2% -1
A shift to theright is a division by a power of 2.
Q[z]>>2
Ewith0<a—2°k<2°-1 AN k<2 % -1

Therule for concatenatiowf bitvectorsis:
afz] @ bry)
2Ya + bwith 2Ya + b < 2v+® — 1




Therule for extractionis:
afz[i, j]
k with k < 2i_j+'1 -1 /\ a— 2itly < 21:4_1 1A
(1—21+10'—21ks2j —1A Us2z—1—1 -1

Sign extendis neededto extend the length of a bitvector
with a 2’s complementinterpretationof it's value. The

mostsignificantbit (MSB) of ay,; is (a div 2v~') andde-
terminesthe value of the (2 — y) MSBs of (a, SE z).
The integer value representinghem is (2* — 2¥). The
valueof (a div 2¢~1) is either0 or 1 andtherefore(2* —
2¥)(a div 2¢—1) is either0 or (2* — 2¥). Consequentlgign

extendis modeledas:
a[y] SE Z

(2 —2%)d +awith0 <a—2V"1d<2v"1 -1 A d<1

Sincezeroextendis just a syntacticfeature ,concatenation
of aconstanbitvectorandatermcould be used.However,
it is usefulto have a specialrule for zero extendto save
variablesandconstraints:

a[x] ZE z
awitha <27 —1

3.3 Linearizing Propositions

Bitvectortermson the left andright handside of a propo-
sition have the samelength. Most of the propositionscan
easily be translated sincee.g. aj,; < by, iff natap, <
natby,). The sameappliesfor '>’,’<’ and’>’". Incorpo-
ratingrulesfor thoseoperatorss thereforestraightforvard.
For’#’ thingsarea little bit morecomplicated sinceit is
not partof ILP. Although Omegatestcanhandlenegation,
it is not desirableto keepit, sinceOmegatestcannotdeal

with it very well [13]. Using the additive inversé, it fol-
lows that(S["] # O Iff 5[71] 2> 1) Therefore:a[n] #* b[n]
iff afn) = Opn) +[n] O[n) With d[,) > 1. New variableso,
areintroducedanday,; # by, is modeledas:
Afn] 7 i)
a=D0+0—2"0Withl<d Ad<2"—1 Ao <1

3.4 Linearization of Bitvector Formulas

Basedon the resultsabove, a whole bitvectorformula can
now belinearizedrecursvely, suchthatsub-termsf aterm
arelinearizedbeforethe term.A bitvectorformulais satis-
fiable iff the correspondindLP is satisfiable. A solution
of the ILP canbetranslatednto a solutionof the bitvector
formulausingthe auxiliary functionvec,.

To formally justify the correctnesof the overall proce-
dure, the linearizationtechniquesyiven above can be for-
malizedas cornversionfunctions,which can not presented

here.Roughlytheargumentds asfollows: A simplebitvec-
tor formula f is a conjunctionof simple propositionsp;.
The satisfiability of the formula f is preseredby a sound

modelingof eachpropositionp;. A bitvector proposition
p; Is satisfiableiff it's ILP p} is satisfiable.The ILP f’ of

asimplebitvectorformula f is the conjunctionof the ILPs
pi; of propositiong;, which arein turn conjunctionsof ILP

constraints.

Furthermoreif thelLP f'is satisfiableand¢’ is a solution,
anervironmentg of var(f) canbe calculatedsuchthatit

satisfiesf,i.e.[f]* =T.

71t alwaysexists for bitvectoraddition.

Table 1. Comparison of commercial SAT
prover vs. ILP approach

Testcase Hybrid BooleanProver ILP (Omaya)
#InputVars] # Gates] CPUtime| CPUtime
testa 35 493 0.70 < 0.01
fir 65 1081 59.17 < 0.01
testb 35 511 248.27 < 0.01
testc 35 511 182.83 < 0.01
long5 17 169 0.02 < 0.01
long6 23 283 0.04 0.01
long7 29 397 0.17 < 0.01
long8 35 511 1.55 < 0.01
long9 41 625 4.54 0.01
long10 47 739 20.79 < 0.01
long32 179 3247 1162.39 0.01

Table 2. Comparison of Chaff and ILP ap-
proach

Probleny# SAT Varg# ClausefFf Literal§ Chatf ILP
festa 530 1480 3452 10.91|< 0.01
fir 1148 3244 - Abort|< 0.01
long5 196 532 1769 0.78|< 0.01
long6 308 850 1982 11.78| 0.01
long7 428 1192 2780 64.43|< 0.01
long8 548 1534 3577 |767.07|< 0.01
long9 668 1876 - Abort| 0.01

To translatea formula, we have to linearize eachof it's
propositions. The orderin which the propositionsarelin-
earizedis irrelevant. If thereis term sharing, it is suffi-
cientto linearizeeachtermonce.Thenumberof constraints
generatedor a formula canbe calculatedeasily Our con-
versionalgorithmhasa linearcomplexity in the numberof
propositionsandterms.

4 Experimental Results

Themethoddescribedabore hasbeenimplementedn C++
and has beenintegratedinto an industrial RTL bounded
modelcheckingframenvork gsee_ﬁg. 5 for the overall flow)
developedat theformal verificationgroupat SiemensGer
mary. For detailson boundedmodelcheckingsee[1]. All
resultsin thefollowing aremeasure@n a SUN Ultra Sparc
60 and all run times are givenin CPU seconds. As ILP
solverthe Omegatest[12] hasbeenused.

In afirst seriesof experimentsour techniquebasedon ILP
is comparedo anindustrialhigh-performancenulti-engine
SAT solver developedat Siemenswhich automaticallyuti-
lizesdifferentstate-of-the-arsolvers,like ATPG,BDD and
3-SAT. Eachof the testcasesshowvn in the upperhalf of
tah 1 implementdwo versionsof the samearithmeticfunc-
Itlon in Verilog-RTL. The propertychecksfor their equiva-
ence.

For example,’fir hastwo equialentoutputs,’tl’ and’t2’
which implementa shift/addfunction, commonly usedin

digital filters:
nodule fir(a,b,c,d, e, f);
input [12:0] a; i nput [12:0] b;
input [12:0] c; i nput [12:0] d;
input [12:0] e; input [12:0] f;
wire [12:0] t1; wre [12:0 t2;
assign tl = a + (b << 2'dl) + (c << 2'd2
+ (d << 3'd3) + (e << 3'd4
+ (f << 2°d2);
assign t2 = a+4’ d2*(b+4’ dZ*Ec
+ 4’ d2*(d+3' d2*e)))
+4' d4*f;

endnodul e
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Theexampleddiffer in structureaswell asin thearithmetic
operatorsoccurring. Although the examplesappearto be
small— countedin the numberof gates— they aredifficult
to provein the Booleandomain.

To shaw the scalabilitzof approachthe examples'long5’
through’long10’ are the samedesign,scaledin the width
of thevariablesfrom 5 to 10 bit. Thelimits of the Boolean
packageaverereachedat 10 bit. The Omegatestdid not

shaow any growthin runtime until it failedat33 bit® because
of variablewidth limitations. As caneasilybeseenthelLP
solver obtainssiPniﬁcantspeed-upsomparedo the high-
performancemulti-enginesolver.
Finally, a comparisorto a pure SAT solver is given. In the
Booleandomain,Chaf [11] is by far the fastestavailable
EIJ_ubllc domainSAT solverasarecentstudyhasshovn [16].
heresultsaregivenin tah 2. As canbeseen|n this case
the ratio even becomesworse. For larger instancesChaf
was not able to find the result within the given time and
memorybounds.
In summary a tremendousspeed-upcan be obtainedby
solving the verification problemon the word-level instead
of the bit-level. While the bit-level problemsturn out to be
very hard,the ILP solver nevertook morethana hundredth
of asecondo terminate.

5 Conclusion

A methodto checksatisfiability of bitvectorformulashas
beenpresentedThe bitvectoroperatorshave a modulose-
manticsasfoundin HDLs, like Verilog. Bitvectorformulas

8Due to the limitations in the word size of the ILP prover, we hadto
limit variablewidth to 16 to 32 bit. Theselimitations canbe overcome
usingintegers of arbitrarylength, insteadof machinedatatypes, within
Omegatestor usingtechniqueproposedy Fallah [6].

aretranslatednto theintegerdomain,suchthatcountere-

amplesfor the resultingILP-SAT problemcandirectly be
translatedinto counter@amplesfor the original problem.
Thereare no false positives or false negatives. The pro-

cedurehasbeenintegratedinto anindustrial RTL bounded
model checkingframewnork. The Omega testis usedas
ILP solver. The experimentalresultsshowv that usingthis

technique,considerableperformancegains over Boolean
proverscanbeachieved.

References

[1] A. Biere, A. Cimatti, E. Clarke, M. Fujita, and Y. Zhu.
Symbolic Model CheckingUsing SAT Proceduresnstead
of BDDs. In Proceeding®f DAC'99, pages317-320,1999.

[2] J.R.L. Clark W. Barrett,David L. Dill. “A decisionproce-

durefor bit-vectorarithmetic. In Proceedingsof DAC’98,

Ba es522-5271998. ) - o

. Cyrluk, H. RueB,andO. Maller. An Efficient Decision

Procedurefor the Theory of Fixed-SizedBit-Vectors. In

Proceedingof 9th CA/’97, volume 1254 of Lectue Notes

in ComputerSciencepages0-71,1997.

[4] G.B.DantzigandB. C.Eaves.FourierkMotzkin Elimination
andlts Dual. Journal of CombinatorialTheory(A), 14:288—
297,1973.

[5] R.Drechsler Formal\erificationof Circuits. Kluwer Aca-
demicPublisher2000.

[6] F. Fallah. Coverage DirectedValidation of Hardware Mod-
els PhDthesisMIT, 1999.

[7] F Fallah, S. Devadas,andK. Keutzer FunctionalVector
Generatiorfor HDL ModelsUsingLinearProgrammingnd
3-Satisfiability.In Proceeding®f 35thDAC-98 page$H28—
533,1998.

[8] C.-Y. Huang and K.-T. Cheng. Assertion Checking

by CombinedWord-level ATPG and Modular Arithmetic

Constraint-Solvingrechniques!n Proceedingof DAC'00,

BaneSl18_123’2000' )

> JohannsernBooStER:SpeedindJp RTL PropertyCheck-
ing of Digital Designsby Word-Level Abstraction. In Pro-
ceedingsof CA/’'01 Confeence volume 2102 of Lectue

Notesin ComputerSciencepages373—-3762001.

[10] M. O. Maller andH. Ruel3. Solving Bit-VectorEquations.
In Proceeding®f 2ndFMCAD’98, volume 15220f Lectue
Notesin ComputerSciencepages36—48,1998.

[11] M. W. Moskewicz, C. F. Madigan,Y. Zhao,L. Zhang,and
S.Malik. Chaf: Engineeringan Efficient SAT Solver. In
Proceedin_ghs)f DAC’01, pages530-5352001.

[12] W. Pugh. The Omeyatest: a fastandpracticalinteger pro-
grammingalgorithmfor dependencanalysis. In Proceed-
{R/gsoftheACM, number8, pagesl02-114,1992. )

[13] W. PughandD. Wonnacott. Experienceswith constraint-
basedarraydependencanalysis. Technicalreport, Univer-
sity of Maryland,College Park, MD, 1994.

[14] A. Schrijver. Theoryof Linear and Integer Programming
JohnWiley andSons,1998. ) )

[15] T. R. Shiple,J. H. Kukula, andR. K. Ranjan. A compari-
sonof Preslirger enginesfor EFSM reachability In Pro-
ceedingof 10th CA/’98, volume 1427 of Lectule Notesin
ComputerSciencepages280-2921998.

[16] M. N. Velev andR. E. Bryant. Effective Use of Boolean
Satisfiability Proceduresn the Formal Verification of Su-
perscalarand VLIW Microprocessors. In Proceedingsof
DAC'01, pages226-2312001.

[17] P. Wolper and B. Boigelot. An Automata-TheoretidAp-
proachto PreslurgerArithmetic Constraintsin Proceedings
of the SAS’95 volume 983 of Lectue Notesin Computer
Sciencepagesz1—32.SR/|ringer\(erlag,1995. B

[18] Z. Zeng, P. Kalla, and M. Ciesielski. LPSAT: A Unified
Approachto RTL Satisfiability. In Proceeding®f DATE'01
Confeence pages398-4022001.

(3]

(9]



	Main
	ASP02
	Front Matter
	Table of Contents
	Session Index
	Author Index




