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Abstract. Particle swarmoptimization(PSO)is arelatively recentbiologically-
inspiredheuristicthathasbeenfoundto be very successfuin a wide variety of
optimizationtasks.Our work addressevo mainissueshathave beenscarcely
dealtwith in the specializediterature:constraint-handlingfor global optimiza-
tion) andmultiobjective optimization.Our results,summarizedn this paper in-
dicatethehigh viability of PSOfor bothsingleandmultiobjective optimization.

1 Intr oduction

Kennedy& Eberhart[8] proposedan approachcalled “particle swarm optimization”
(PSO)which wasinspiredon the choreographyof a bird flock. The approachcanbe
seenasa distributed behavioral algorithmthat performs(in its more generalversion)
multidimensionakearchin the simulation,the behaior of eachindividual is affected
by eitherthebestlocal (i.e.,within acertainneighborhoodpr thebestglobalindividual.
Theapproachuseghentheconcepof populationandameasuref performanceimilar
to thefitnessvalueusedwith evolutionaryalgorithms Also, theadjustment®f individ-
ualsareanalogougo the useof a crossweroperator The approachalsointroduceshe
useof flying potentialsolutionsthroughhyperspacdusedto accelerateonvergence)
which canbe seenasa mutationoperator It is worth noticing thatwhenthe research
reportedhereinstartedtherewereno attemptgo extendPSOto handlemultiple objec-
tivesandtherewasverylimited work regardingconstraint-handlingTheseareprecisely
thetwo mainissuesaddresseth this work.

1.1 Handling Constraints with PSO

Thefirst problemof interestto us wasthe generalnonlinearprogrammingproblemin
which we wantto:
Find x whichoptimizesf(x) Q)

subjectto:

hj()=0, j=1,...,p (3)



wherez is thevectorof solutionsz = [x1, z2, - . ., z,]T, n is thenumberof inequality
constraintsaandp is the numberof equalityconstraintgin both casesgonstraintould
belinearor nonlinear).

PSO likeotherevolutionaryalgorithms Jacksanexplicit mechanisnto incorporate
constraintsRemarkablytherehasbeenvery little work relatedto theincorporationof
constraintsnto PSO despitehefactthatmostreal-world applicationshave constraints.
The maingoal of this initial researctwasto developa relatively simplemechanismnto
incorporateconstraintinto PSO,asto make this algorithmcompetitive with the state-
of-the-artapproachem thearea[1].

1.2 Our ProposedApproach
For computingthe velocity of a particle,we usedthe expressiorproposedn [12]:
Via = w X Vig + c1 x randy () X (Dvest,ia — Tia) + c2 X randa() X (gvest,ia — Tid)

whereVq4 is the velocity of theid dimension,c; ande¢, aretwo valuesrandomly
generatedn the range[1.5,2.5] (this rangewas empirically derived), rand; () and
rands () referto functionsthat return a randomvalue within the range[0.0,1.0], w
is the inertia weight, which in our casetakes a value randomly generatedvithin the
rangef0.1, 0.5], ppes: is thebestpositionof the currentparticlefoundsofarandgg.s: is
the bestpositionof the bestparticlefoundsofar.

The constraint-handlingnechanisnproposedy us consistsof two main compo-
nents:a turbulenceoperator(i.e., someform of mutationintendedto improve the ex-
ploratory capabilitiesof PSO),anda simple decision-makingschemebasedon close-
nessto the feasibleregion to choosea leaderwhen dealingwith constrainedsearch
spacesThe turb ulence consistsof an alterationto the flight velocity of a particle!
This modificationis performedn all thedimensiongi.e., in all thedecisionvariables),
suchthatthe particlecanmove to a completelyisolatedregion. This mechanisnaims
to perturbthe swarmasto avoid thatthe particlesgettrappedin local optima.Thetur-
bulenceoperatoractsbasedon a probability that considershe currentgeneratiorand
thetotal numberof iterationsto be performed.Theideais to have amuchhigherprob-
ability to perturbthe flight of the particlesat the beginning of the search.Over time,
this probabilitywill be decreasedswe progressn the searchThe mechanisnio han-
dle constraintghatwe proposeds appliedwhenselectinga leader Whatwe did was
to performa smallchangen the fithessfunction suchthatif we comparetwo feasible
particles,the particlethat hasthe highestfitnessvaluewins. If one of the particlesis
infeasibleandthe otheroneis feasible thenthefeasibleparticlewins. If both particles
comparedare infeasible,thenthe particle that hasthe lowestvaluein its total viola-
tion of constraintgnormalizedwith respecto the largestviolation of eachconstraint
achieved by ary particlein the currentpopulation)wins. The ideais to chooseasa
leaderto the particlethat,evenwheninfeasible lies closerto thefeasibleregion.

To evaluatethe performancef the proposedpproactwe usedthe 13 testfunctions
describedn [11], andwe comparedurresultswith respecto threeconstraint-handling

! This mechanisnis inspiredon [6].



techniqueghatarerepresentatie of the state-of-the-arin thearea:StochastidRanking
(SR)[11], the HomomorphoudMaps(HM) [10], andthe Adaptive SegregationalCon-
straintHandling Evolutionary Algorithm (ASCHEA) [7]. Dueto spacdimitations, in

Tablel we only presenta comparisorof our resultsagainsiStochastidRanking,which

is themostcompetitive of the approachepreviously indicated.Theresultsobtainedby

our approachare highly competitve, andin somecasesgven improve on the results
obtainedoy muchmoreelaboratepproachesuchasthe homomorphousnaps[10].

[ [ [ BestResult [ Mean Result [ Worst Result ]

[Problem[Optimal | PSSO ] SR [ Pso ] SR [ Pso ] SR |
g01 -15.00000 -15.00000 -15.00000 -15.00000!¢ -15.00000t¢ -15.00000t¢ -154000[23
g02 0.80361¢ 0.80343% 0.803514 0.79040! 0.781974 0.75039: 0.72628!
903 1.00000 1.00472Q 1.000004 1.003814 1.00000! 1.00249 1.00000

g04 [-30665.53900-30665.50000-30665.53900-30665.500009-30665.53900P-30665.500000-30665.53900
905 5126.498000 5126.640000 5126.49700(0 5461.081333 5128.881000 6104.750000 5142.47200!
g06 -6961.814000 -6961.810000 -6961.81400( -6961.81000( -6875.940000 -6961.81000( -6350.26200!
g07 24.30600 24.35110( 24.30700! 25.35577. 24.37400 27.31680!1 24.64200

908 0.095824 0.095824 0.095824 0.095824 0.095825 0.095824 0.095824
g09 680.63000 680.63800 680.63000 680.852393  680.65600 681.55300 680.76300

910 7049.330700 7057.590000 7054.31600( 7560.047857 7559.192000 8104.31000(0 8835.65500!

g1l 0.75000¢ 0.74999 0.75000 0.750107 0.75000 0.75288! 0.75000¢
g12 1.00000 1.000004 1.000004 1.000004 1.00000 1.000004 1.00000
g13 0.05395! 0.068664 0.053957 1.71642a 0.05700 13.669500 0.216914

Table 1. Comparisorof resultsof our PSOvs. StochastidRanking(SR)[11].

2 Multiobjecti ve optimization

Thesecondproblemof interesto usis thegeneramultiobjective optimizationproblem
in which we wantto find the vectorz* = [z7,z3, ... ,a:;';]T which will satisfythe m
inequalityconstraints:

thep equalityconstraints
hi(z) =0 i=1,2,....p (5)
andwill optimizethevectorfunction
f(@) = [fi(@), fo(@), ... fu(@)]" (6)

wherez = [z1,z,,. .. ,xn]T is the vectorof decisionvariables.In otherwords,we
wish to determinefrom amongthe setF of all numberswhich satisfy (4) and(5) the
particularsetzy, z3, .. .,z which yields the optimum valuesof all the k£ objective
functionsof the problem.Thefollowing are somebasicdefinitionsrelatedto multiob-
jective optimization.

Definition 1 (Pareto Dominance): A vectoru = (uy,...,u) is said to dominate
v = (v1,...,v;) (denotedby u < w) if and only if u is partially lessthany, i.e.,
ViE{l,...,k},’uiSU,’/\HiE{l,...,k}:ui<Uz’. O



Definition 2 (Pareto Optimal Set): For a givenMOP f(z), the Pareto optimal set
(P*) is definedas:

P* ;:{ajef|ﬂ5|:13'€f f(x')jf(.’l:)} @)

O

Definition 3 (Pareto Front:): For agivenMOP f(x) and ParetooptimalsetP*, the
Paretofront (PF*) is definedas:

PF i=A{u=f = (fi(2),..., fu(2)) | 2 € P"}. (8)

2.1 Our ProposedApproach

Particleswarmoptimizationseemgarticularlysuitablefor multiobjective optimization
mainly becaus®f the high speedf corvergencehatthealgorithmpresentdgor single-
objective optimization[8]. The maingoal of our researchn this regardwasto design
mechanismg extendPSOsuchthatit couldgenerateeasonablyoodParetofronts of
difficult testfunctions(both constrainecgandunconstrained).

Our approachis basedon the use of Paretoranking and a subdvision of deci-
sionvariablespacento several sub-svarms(this is doneusingclusteringtechniques).
SinceindependenPSOsareruninto eachswarm, our approactcanbe seenasa meta-
MOPSOalgorithm. After a certain(pre-defined)humberof iterations,the leadersof
eachswarmaremigratedto a differentswarmin orderto variatethe selectionpressure.
This sortof schemds a novel proposalto solve multiobjective optimizationproblems
usingPSO0.Also, notethatthis algorithmdoesnot usean externalpopulation(asother
recentproposalg2, 6]), sinceelitism in this caseis anemegentprocesglerived from
themigrationof leaders.

The completeexecutionprocessof our algorithm can be divided in three stages:
initialization, flight andgeneratiorof results.At thefirst stage every swarmis initial-
ized.Eachswarm createsandinitializesits own particlesandgenerateshe leadersset
amongthe particleswarmsetby usingParetoranking.In the secondstageis wherethe
algorithmperformsits strongeseffort. First, it performsthe executionof the flight of
every swarm; next, it appliesa clusteringalgorithmto groupthe guide particles.This
is performeduntil reachinga total of GM ax iterations.The executionof the flight of
eachswarm canbe seenasan entirePSOprocesqwith the differencethatit will only
optimizeanspecificregion of the searchspace) First, eachparticlewill selectaleader
towhichit will follow. At thesametime, eachparticlewill try to outperformits leader
andto updateits position.If the updatedparticleis not dominatedoy any memberof
theleadersset,thenit will becomea new leader The executionof the swarmwill start
againuntil a total of sgmax iterationsis reached Constraintsare handledin this al-
gorithmwhencheckingParetodominanceWhenwe compareawo individuals,we first
checktheir feasibility. If oneis feasibleandthe otheris infeasible the feasibleindivid-
ual wins. If both areinfeasible,thenthe individual with the lowestamountof (total)
constraintviolationwins. If they both have the sameamountof constraintviolation (or



if they areboth feasible),thenthe comparisoris doneusingParetodominanceOnce
all the swarmshave finishedtheirsflights, a clusteringalgorithmtakesthe control by
groupingthe closestparticle guidesinto ngyqrms SWarms.Theseparticle guideswill

try to outperformeachswarmin the next iteration.This is mainly doneby groupingthe
leadersof all the swarmsinto a single set,andthensplitting this setamongn s, arms

groups(clusteringis donewith respecto closenesén decisionvariablespace)Each
resultinggroup will be assignedo a different swarm. The third and final stagewill

presentheresults,.e. it will reportall thenondominategolutionsfound.

Pareto Front ——
AMOPSO

F2
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Fig. 1. Comparisorof resultsfor one example.The true Paretofront is shavn asa continuous
line (notethatthe horizontalsegmentsare NOT part of the Paretofront andare shawvn only to
facilitatedraving the front) andthe Paretofront foundby our approachis shavn ascrosses.

Thisalgorithmwasvalidatedusingseveraltestfunctionstakenfrom thespecialized
literature .Resultsverecomparedgainsthemicro-GA for multiobjective optimization
[3], theNondominatedortingGeneticAlgorithm Il (NSGAII) [5], theParetoArchived
Evolution Strateyy (PAES) [9], and the Multiobjective Particle Swarm Optimization
(MOPSO)|[2]. Besidesgraphicalcomparisonsywe adoptedthree metricsto compare
ourresults[4]. Figurel shovs a sampleresultfor oneof the problemsused.n general,
our algorithm had a good corvergencerate to the true Paretofront, and the results
indicatethatour approactis aviable alternatve sinceit outperformedomeof the best
multiobjective evolutionary algorithmsknown to datein several test functions (both
constrainecandunconstrained)vhich werenotincludeddueto spacdimitations.

3 Conclusionsand Futur e Work

Our explorationsof particleswarmoptimizationhave beenveryfruitful sofar. We have
producedwo highly competitive approachesonefor constrainedingle-objectie op-
timizationandanotheronefor multiobjective optimizationproblems Our currentwork
focuseson performinga theoreticalstudyaboutthe corvergencepropertiesof the first
algorithm.Oneaspecthatwe wouldlike to explorein thefutureis the studyof alterna-
tive mechanismso handleconstraintghroughthe useof infeasiblesolutionsthat can



actasleaderdn aspecialswarm.We believe thatthis sortof mechanisntouldimprove
the performancef bothapproache§.e., the onefor single-objectie optimizationand
the onefor multiobjective optimization),particularly when dealingwith problemsin
which the global optimumlies on the boundarybetweerthe feasibleandinfeasiblere-
gions.We alsointendto studyalternatve mechanismso accelerateornvergencewhile
keepingthe samequality of the resultsachiezed in this paper Suchtype of approach
may be particularlyusefulfor real-world applicationsFinally, we alsowantto perform
ananalysiof theimpactof themechanisnadoptedo selecieadersontheperformance
of theapproach.
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